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Introduction and summary 

We state in the following a structure theory of the density matrices from 
the standpoint of second quantization. The difficulties involved in the quantum- 
mechanical many body problem have so far proved to be so tremendous that as 
yet some have been obliged to stop before exact treatments and others have 
retired to phenomenological model theories. There are two main tools to 
approach the problem, the theory of second quantization and the theory of density 
matrix. The former, in spite of its generality and compactness, has never revealed 
us its adaptability to the practical problems of quantum statistical mechanics. In 
fact, about the exchange effect, namely the statistical correlation of particles, the 
latter informs us the detailed features of it by application of the group theory, 
while the former lacks, at present, such an exposition. 

For a long time a more general and simpler formulation than the current 
group theoretic m:thod has been desired in the theoretical researches of spectro- 
‘scopy. A distinguished contribution has been made by P. Jordan (1934)? and 
H. Ostertag (1937)” from the standpoint of second quantization. H. Ostertag 
made use of the theory of hypercomplex ring and introduced the original concept 
of the elementary algebra. (Part II.) Since the latter part of his formulation, 
however, seems to be complicated, it will be better, for clearness’ sake, to avoid 
this part. Accordingly the concepts of the elementary algebra and the symmetric 
algebra will be introduced as a remedy for it. Then we shall complete our 
theory to include the whole theory of symmetric group. These concepts will 
serve to Clarify and generalize the previous formulations and to unify the several 
group theoretic standpoints of the spectroscopy”. In §1 and § 2 the representa- 
tion of the quantized density of Bose or Fermi particles will, reveal itself as the 
density matrix of Bose or. Fermi particles or as the density matrix of many 
electrons with a certain term of spin multiplets. Indeed, the theory of the 
statistical operator, or the density matrix of J. von Neumann? and P.A.M. Dirac”, 
the equilibrium properties of which have been fully examined by one of the 
authors (1940), is the natural formalism of dealing with quantum gases. A 
contribution has been made by W. Kofink (1938)” to introduce the intrinsic 
degrees of freedom of particles. This attempt has resulted in a fair success. 
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His formulation consists in making use of the initial stages of the theory of 
spectroscopy, which will be reexamined in the second section and Part II. In 
§ 3, as an example at zero temperature, the Hartree-Fock equation for a prescribed 
orbital and spin configuration will be derived, and in §4 some properties of the 


reduced density matrix will be illustrated. 


§ 1. Fermi statistics and Bose statistics 


We consider a system composed of x» identical Fermi or Bose particles | 
immersed in a large thermostat at temperature 7. The objective of our investi- | 
gation is a Gibbs’ virtual ensemble of identical systems which are canonically | 
distributed with respect to energy. Every system is composed of # particles} 
whose motion is determined by quantum mechanics. . 

The ccordinates of the 4-th particle in three, or with spin four, dimensional | 
space are summarized in g,. Every particle is described by the quantized wave | 


function, | 
: 


e(N=d a¢.(9) » (1.1) 


é 
where ¢,(g) is orthogonal and normalized wave function belonging to the eigenvalue | 
e,, The creation operator a*, which is conjugate to the annihilation operator a, | 


is to be considered as weighted by the Boltzmann factor exp(—fe,) and A= 


&T 
The commutation relation is [a,,@,*]s=exp(—fe,), [4,8]zh=ABtBA (+4 for! 


Fermi statistics, — for Bose statistics.) 
It means 


og 918) =[¢(9), (9) *la= Z Hig) hgne™, (1.2) 


the unnormalized probability of existence of each particle at temperature 7, and | 


f(8) ={ (9 a|B) a9 (1.3) 


; 


is pattition function. 
An eigenvalue of x body problem is in Hartree field a sum of eigenvalues | 
of individual particles. To an eigenvalue, 
n . 
= ' 
ey (1.4) 


belongs the eigenfunction Vv (g") =det™ (¢,, (9x)), Where the coordinates of x 
particles are summarized in g* and det? means permanent for Bose paiticles. | 
(det means determinant for Fermi particles.) | 


We define the density matrix of 7 particles by 


n ont ens n n ni 1 ( f 
1G V,0(9",g")U,)=R™ (9, 9 ae * (0( 9%)) » (1.5) 
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a(q",q"’) == 9(ai1)*--9 (98) *9(0) O(M) . (1.6) 


y(A) means the result of taking trace of an operator A, namely %(A) 
= Aw, A,,U,=U,AU,. Here U, is the so-called restriction operator, which 


selects the configuration (7) =(%,-"""** »%n) out of o(g",g”) and is as follows 
a a ec a NEG 

N,=axa,, NX=a,ax, (Fermi statistics) 
CN Nos wg Vena ee s (1.8) 


(Bose statistics) 


—- te. = — 
FA Po, NV, = NV ,-.»= er.» @y mnt Cr mm! =e» am Ontm! ° 


N, represents &-th state is occupied, ,,, represents #-th state is m-fold occupied, 
apd N,* represents 4-th state is vacant. And the operators a*,a are the solution 
of the commutation relation [a, a*J.=1 


ate 93) Vn Cnn-1) = a Vit ln—in > (Fermi statistics) (1.9) 


n=0 


i x Wine a= pz V Henin « (Bose statistics) (1.10) 


n=0 


The notation 7, means a subgroup of the symmetric group 7, under the influence 
of which the. wave function ¢,,(g)---¢,,,(9n) is invariant. The orbital configura- 
tion denoted by (7), to which this wave function belongs, is called type 7,. 
The notation (7,--°,%n) Means 74,°°')%n states are occupied and (7) *= (a,,-+++++9"* ) 
means the first state is 7,-fold occupied,:--, z-th state is N,-fold occupied and so on. 
And then we can readily show 


XU eo (ghs gh Ue) =" SY SPB) br, 0) eA)“ Feg(de) - AD 


mod 7, 
For the simplicity the Boltzmann factors are omitted here. We understand 
R(G)=ROG P= DIP (g's (1.12) 
the probability at temperature T to find a particle at g,, one at g,"**, one at gn. 


Set (rv) runs over all the allowable configurations. 
After integration over #- -k coordinates, 


R” (g*) =R” (gis Jk) <4) Rs (g") dgess***49n (1:18) 


means the probability, in the presence of 2 particles, to find & particles at the 


prescribed positions 9199°** 9x 
The partition function of x particles is defined by 
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f(B)=|R (g") de", (1.14) 
and, written down explicitly, runs as follows: 


fp (—= DV (BY. LEP), (Fermi statistics) (1.15) 


(a) A, \++-d,! 


(8) Uy!++*ty 


f2(H== 1 ; (2 (ey ; (Bose statistics) (1.16) 


14,4+-:-+7a,=n2 . (1.17) 


One can readily find the relations 


Afr” (B) _ (111 por-0 (9) (1.18) 
af (AB) k 
Ofr (8B) _ 1 rin (1.19) 
aA) Bo (8) . 
Renormalizing the commutation relation according to 
[a, af'Ja=e** , (1.20) | 


and summing the quantized density operator over the different particle number,, 
Deg" g") » 


we get its trace for the case of one explicit coordinate as follows, 


e'D(g, 7) = » e™nxR™ (9,0), (1.21) 

D(tj\= p? ef") , (1.22) 
alag'\é -. LY q'\€) 

(99'|*) De) (1.23) 


where D(¢) is the grand partition function and @ is the generalized density) 
matrix introduced by one of the authors. 


§ 2. Density matrices for electron system 


We start the following consideration of formulating the density matrix as: 
the irreducible representation of the quantized density operator o(g", 9”), before: 
attacking mathematical problems which will fully be worked out in Part II. | 


The motion of £-th particle with intrinsic degrees of freedom is described 
by the quantized wave function 


9 (9) = ps AP (X,)a (ay) , (2.1) 


ae 
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where the three dimensional coordinates of the particle is summarized in x,, and 
a, is the variable of intrinsic degrees of freedom. Suffix r indicates a translational 
state and suffix o indicates an intrinsic state of the particle. The summation is 


carried out over all the allowable states. The intrinsic state functions «, are 


assumed to constitute an m-dimensional unitary space. 

In the quantized density operator o(g", 9") there appear operators ajp,++°ajp,, 
Brg, Astor, ° The structure of the algebra generated by these operators will be 
analyzed in Part II, and in this section we have interest in its results only. This 
algebraic formulation will serve to unify the several group theoretic standpoints 
of the theory of spectroscopy in a single scheme. According to the results of 
Part II, every simple ideal of the so-called symmetric algebra represents a certain 
term of spin multiplets. . 

Now we ask for an expression of the density matrix of electrons, thus 
restricting ourselves to the case of two intrinsic degrees of freedom. The generaliza- 
tion® for the case of higher degrees of freedom will readily be achieved and 
applied to the spectroscopy of nucleus. 

The density matrix corresponding to a presciibed spin multiplets S is defined 


by, 


ps, = pa Kes Oa; 7 os) > (2.2) 


where U, is the restriction operator selecting a prescribed orbital configuration 
(r) and y,,s(4) means in general the result of taking trace of an operator A 
with respect to the simple ideal /,,5 attached to configuration (7) and total spin 
quantum number S. 

Let the eigenfunction corresponding to an eigenvalue £, be $,(44,°°%) 4n), 
and after the experience of the restriction process and the separation of the 
intrinsic states, (2.1) becomes 


r 7 1 2 : 7 
Pap tn Hl) = BBB tra PDE) CP; Hayes Bo) “PQ Se ne), 
nic s 
(2.3) 


P= 3) ip °° Aap, p,,* "ap, 5 Bale, ; 
where g, is the order of the subgroup 7,, and the summation is carried out 
over all the group elements of the symmetric group 7. The configuration (r), 
the wave function ¢,(2,,:**,4) and the operator S, are called to belong to type 
m,. Making use of the fact that the trace of the operator & belonging to type 
m, is a linear combination of traces of the operator S, belonging to type unity, 
namely to an orbital configuration (7 *=(1,1---,1,0,---), we get 


Ps(4°""s Xn 5 ae 45) == x As( Po) e (4 x1,|8) O(4ns 4%, |B) ’ (2.4) 
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where 


Integrating ps(44,°°°, nj 4°" Xn) OVEL 32 spatial coordinates, we get 


fr(py= y (10). Ng Pi HP (2.5) 


) Uy !e+-dy! 


and f{”(8) is the partition function of # paiticles. Partition 1la,+---+n0,=n 
determines a class of the symmetric group and ¥&’=7s(R,). 2, is in the class} 
(4). 7s(R,) is given by the difference of two traces of symmetric algebra taken | 
with respect to the two algebras of magnetic quantum number JZ as follows 


{s( Bey) =Zin,;=s( Bo) — Zim, j-s+1 (Fes) - (2.6) 


The traces of any element of symmetric algebra are equivalent to the traces | 
of the associate representations of the corresponding element of symmetric group. | 
It has been pointed by W. Kofink that £{(8) is a homogeneous function of #-th 


1 
order of variable FB), f2 (28) =F" (mB), and the reduced density matrix is | 
obtained through 7,” (8) making use of Euler’s theorem for homogeneous functions. | 
If one notices that (2.5) has the alternative form, 
(3+) 5 +S+1) 
. tr (8) fe (8)” | 
FRM EN opera pp eaan a (2.7) 
an + Se 
Jr (8) fe (A), 


one can prove the relation 


af8"(B) (= DE" pan a 
af (4B) F (FP OWTEPO), (2.8) 


: 


from (1.18) 
One can also find the partition function belonging to a certain spin magnetic | 
quantum number (“ Gesamtspin” of Kofink) 14, > 0 is 


APB) = f(a) =f" (@y) -2™ gy (2.9) 


SM, 


It represents a simple evidence for the fact that, statistically, antiparallel — 
spins do not correlate each other. 


§ 3. The Hartree-Fock approximation | 


It is proposed here to derive the Hartree-Fock equation from a more 
general standpoint than usual. : | 


J 
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A system of z Fermi particles with »-self-energies K and (3) binary inter- 
action energies V will be considered. For the total energy of the form, 
FU Qu Gm» G3) Gn) = 21K Qe Ge) + BV (9 Ger Ge I) » (3.1) 
the Hamilton operator in the configuration space is given by 


H= \« (9,9') 0 (q',9) dq'dg + S| V (gr, d'7')e (dr', or) dq'dr'dgdr. (3.2) 


If we have interest in the micro-canonical ensemble at temperature zero, 
it is sufficient to consider the energy operator in the form 


H=| 9" (1) KG 4 gaat dge |i DP )VIrl POY Q)de dr doar 
(3.3) 


or more explicitly in the form, 


© 1 1 
H=> SUK), +S > = 2 3 V2, tat Vp apt Ast pi yp ’ (3.4) 
sf=1 ¢/=1 


where the total energy H does not include spin variables. 

When it is assumed that 7 orbital states are doubly occupied and (~—2m) 
orbital states are singly occupied, this configuration is determined by the restric- 
tion operator 

U,,=N,(2) ++-Ny(2) Miner (L) +**Vn (1) Minos (0) °° ’ (3.9) 

and 
N,(2)=NNg, Ni) =M(1—Nn) + M(t — Mi)» V,(0) = (1-M,,) (1-M)- 
(3.6) 


After selecting this configuration out of the energy operator we get 


U,HU,=| SK) +3 K) +3 m3 {2¢V)cee— {VY )etyes$ 


Ae 3 3 oP etn. (st) of V)aut [Ons (3.7) 


2 s=m+1 t=m+l 


where (s)) is an element of symmetric algebra attached to (x—2m) singly 
occupied orbital states and given in the form 


(st) >= (= —NiNa— NotVe0 i ANA CoM, ey AEA AA) U, HI (3.8) 
It will be better to introduce the Dirac’s density matrices at zero temperature 
i (42) = 3 (2h) » 
i (3.9) 
73(2, 2) = ps P(x) p.(2") » 
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and to denote 


3 (K)e =|[K@ 2a, x)dx'dx , 


t=1 


x (KX). =| (2, x!)t.(2", x)dx' dz , 


SV) [VI #9 in (a 2) da dy dedy 


t= 


yas 3 ( Vaa= | Va, x tI) to's x) ax'dy dxdy , 


s=1 t=1 


SEV aaa [Ver Ie le I Ide dy deedy , 


iMs 


NV a= | Ma 12") (2's 2) eat Vda dy deedy 


s=l ¢=1 


(3.10) 


Taking trace with respect to a certain magnetic or total spin quantum number, 


we get for the mean energy value 


(BD a= Ke, 2!) (2,2) +2a(2', 2) d'de 


+5 [Mey 27) iO) +e I) (2! 2) +(e 2) deldyldedy 


->| Vay, 2) \e(2', 4)e(9,7) +209, 9) to 2", x) (da'dy'dedy 


+512). [Ven 72) 12) na) ia — AOI) 


x dx'dy'dxdy . 


Under the following conditions, 
Ty Ty 1» 2 
(dz) ay=0, (Oz2) 4y=0, 
and with the Lagrange multipliers, 
W,(matrix order mm), W(matrix order n°), 
15 Wy 5 
the postulate of minimum energy, 
(HM) 4 =0 ’ 


leads to the following two equations 


2) Ke) + Ve, 2) (ade! — \{ 3 eae 2") + Fula’) bbeleDade? | 


= (ort on) He) + 3 Yale) Wart 3S al) Ware, 


(3.11) 


(3.12) 


(3.18) 


(3.14) 


(3.15) 
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for z=1,---, m and 


[1G 2) 40, 2) Wie ae! 


— | {3S Faces 2) hu) Bh (12) 0) Fa 29a) fe 


= wnfh(2) + 33 dale) Wa (3.16) 

for z=m-+1,---,z, where 
V (4,21) =| Var. 2/9) +9) 'dy, (8.17) 
Fulx, 2) = j Pio) Vay, LV) /)dy'dy (3.18) 


If y((12),), the character of the exchange operator, is replaced by —1, 
the two equations (3.15)(3.16) take the same form as those derived by V. Fock.” 


It is valid when the magnetic quantum number JZ or total spin quantum number 


aye REE For the general cases y((12),) is to be replaced by 


oi (n—2m)?—2(n—2m) +4M? (3.19) 
2  (n—2m)(n—2m—-1) 
or 
_ 1 (= 2m)?—4(n—2m) +4445 | (3.20) 
2 (n—2m) (n—2m—1) 


The matrix elements of the Lagrange multipliers are given by 
Wt o0un=[K(x, 2) + V4, 2) -T. *) Jus (3.21) 
t,h=1,-°,M, 
Wait W0u=[K (4, 2’) + V(x, 2')—T,, 2") lee» (3.22) 
a k= 1,328; mM, 


Wy w+ o0u=[K(, x) + V(x, 2) —T,(4, 4’) +1((C12) 0) 1 Zo, a!) = 1, (4.2 ) as 


t or =m+1,--,", & or t=1,---, 2, (3.23) 
where 

T(x, 2")= \ Vay, ox!" yay ay, (3.24) 

Ta, 2) =| Ven 2 I a ay: (3.25) 


The Thomas-Fermi approximation will readily be worked out.” 
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§ 4, Reduced density matrices 


The commutation relation of quantized wave function enables us to obtain 
the formulae of the reduced density matrix. The following recursion formula is 
derived from the quantized density operator of w electrons by transferring the 
creation operators to the right and the annihilation operators to the left’ 


np (a, gr =p? (gt, PP (Gas BD) 
—dip"™ (gue**Qjua » 954177 Yn 5 W592 °° Im) OC Gy 91): (4.1) 
Integrating this formula over the coordinates g,---,9%n (with spin), one gets 
np (4.91) =fe"~” (B) p (g's 1) — vf eau rer, gi )dr. (4.2) 
One gets further by successive applications of the formula, 
00 (On H') = p> (—1)*7f0""* (8) 0 (ay 91 |B) (4.3) 
separating the Boltzmann factor from a*: 
eo (4 qi |R) = 2 ms ayay,(g,') Pi(gie**s : 


One can find 
26(F8- (8) (gu af \48)) =k eae ne SP) 9 (g,, a1! \&) (4.4) 


and finally the reduced density matrix is obtained from (2.8) 
| (n) (- i 1 a _~ ” 2 
RP Con a!) =] (Df (an a AAG B) + (—D (0 a| 25-444 108) 


AO OD) +E (Den af VFB J. (4.5) 


The reduced density matrix belonging to magnetic quantum number M, is also 
obtained from (2.9) 


RS Can a= OV) p(gu oF 48) {AE (ay AF") (8) 
+ fi") (aS) (ay) 


Go 


+m.) 


sa pm) (ou a: f52*™*) (8) 
(4.6) 


ie RE) Oo, ola ™:) (8) + 


A 
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Note added in proof 

Recently Prof. Tomonaga (Prog. Theor. Phys. 5 (1950), 544) has made a distinguished contribution 
to the many fermion problems by applying the theory of sound quanta. We, independently, have pro- 
posed a similar consideration to describe fermion and boson assemblies in terms of the density and the 
current operators represented by the Fourier coefficients y*(4), g(4) of the wave functions: o(24)= 
2 ae 914% ; JA=z iss G14% , which are subjected to the commutation relations, 


i 
[o(4), o(2)]=0, [o(4), 77)1 Pe Poeatis 


% 2 zi 
[74% JO 1=— CRA T SER jh al) et i), 


where x represents the .-components of vectors. So far as the one dimensional problem is concerned, 
our results obtained are verified from Tomonaga’s point of view. Introducing spin variables the density 
operators of (+) spin and (—) spin are denoted by po(2) and 9,(%) respectively. 

Under Tomonaga’s approximation the canonically conjugate quantities exist and they are denoted by 
mo(%) and 7,(4). For the one dimensional eigenvalue problem it is convenient to take the quantities 


(po(B) +0;(4)) M2, (no(4) + ay(2))/¥ 2 5 (oo(4)—04(4)) V2, (mo(4)—m1(4))/V2 as the canonical 


variables. 
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§ 1. Introduction 


The static nuclear potential derived from current meson theory does not 
permit any stable nuclear system because of its strong singularity at the origin. 
The existence of deuteron, however, shows that there must be some reasonable 
nuclear potential which has admissible singularity at the origin and explains many 
empirically known properties of deuteron and also of other nuclear systems. 
According to the above opinions many authors have repeated their calculations 
based on respectively different grounds. Some are based upon purely phenome- 
nological grounds, without regard to any special consequences of paiticular type 
of meson theory, only some general consequences being considered. For example, 
Rarita and Schwinger” obtained agreeable results using square well potential 
with depth and width so chosen as to fit some empirical data. But fiom those 
phenomenological calculations nothi1g decisive about current meson theory can 
be concluded. If we want to say something concerning the type of meson field 
and how to treat potentials mathematically, we must have recourse to other ways 
which more or less are based upon meson theory. 

For this purpose when we want to start directly from the static nuclear 
potentials derived from current meson theory, we have to devise some measures 
to avoid the inadmissibe singularity. Thus two methods have been proposed, one 
of which is the so-calld cut-off method and the other is that of cancellation of 
singularity by mixing two types of meson fields appropriately. Following the 
latter method, which is originated from Schwinger? Jauch and Hu” and Wu 
and Foley,” using M¢iler-Rosenfeld-Schwinger mixture, calculated deuteron 
problems and found that with adjustable constants appropriately chosen in order to fit 
some empirical data the value of the quadrupole moment of the deuteron is always 
too small to fit the empirical one. Also the author examined the non-symmetrical 
mixture of charged and neutral vector meson fields.” In this case the unfavorable 
singularity of the tensor force is eliminated just as the case of Méller-Rosenfeld- 
Schwinger mixture. The results of the calculation was the same as above. From 
these it is concluded that the procedure of eliminating the singularity of tensor 
force by cancelling the contributions of two types of meson fields makes the 
important tensor force so weak that the value of the quadrupole moment becomes 
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very small compared with the experimental one and such a procedure is therefore 
not an appropriate method in researching the deuteron problems. 

With regard to the cut-off method, Bethe” obtained satisfactory results 
concerning the deuteron problem with neutral vector meson theory. This cut-off 
method is naturally unsatisfactory but there was no other ingenious way except 
doing so. Indeed this cut-off potential has been hoped to be a good approxima- 
tion to the true one if it should be right to consider the potential having a 
definite mathematical expression. This opinion was supported by the proof given 
by Schwinger” that the detailed radial dependence of the potential near the origin 
does not play any important role. Thus, because of satisfactory results obtained 
by Bethe’s calculation, the expression of the nuclear potential deiived from neutral 
vector meson theory was believed to be agreeable in deuteron problems, although 
we cannot accept the concept of nuclear interaction by virtue of neutral mesons. 

Recently many authors? showed that the nuclear potential given by meson 
theory does not behave so abnormally near the origin as shown before but has, 
in fact, perfectly regular singularity. But its mathematical expression is very 
complicated and not suitable for the detailed analysis of nuclear problems. At 
the same time it was shown that the behavior far from the origin is correctly 
represented by the previous expression. 

Accordingly, as another method avoiding the inadmissible singularity, we 
tried the way to modify the previous expression so as to behave normally at the 
origin and to give the same value far from the o1igin. The most simple and 
reasonable way to realize the above plan is to replace the irregular potential 


(Lg hy LY MCMC ay) 
itiak3 be ae ae 


xr 
by the simple Yukawa type potential 


—Exnr f 4 
1 ve ee 1) (Ss Yr) —4,-42) 
33 v vr 


where two adjustable parameters WN and € are introduced. If we choose Nea; 
the new potential is obtained by simply omitting the terms having higher 
singularities than the second in the old one and evidently behaves in the same 
manner as the old one in the distant places from the origin. We have introduced 
€ for adjusting the range of the tensor force and MW for adjusting the strength 
of the tensor force. Because we have some reasons mentioned above to believe 
that this approximation method is more reasonable from meson theoretical grounds 
than the other two ways, cut-off method and cancellation method, we tried the 
present work in order to say definitely which potential is the most agreeable 
among the many potentials derived from current meson theory and what kind of 
potential do really reproduce the empirical data concerning the deuteron and 
other low energy nucleon interactions. In order to answer the above questions 
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omenological grounds and we must 


it is unsatisfactory to stand on purely phen ; 
But it must be borne 


start from meson theoretical ground as much as possible. 
in mind that the consequences obtained from the present work have meaning 
only if this approximation method is the most reasonable one in the present. 
status of meson theory, at least so believes the author. If other approximation 
method should be more reasonable, the consequences written below would have 


to be abandoned. 


§ 2. Method for calculation 


We carried out the calculation after the example of Wu and Foley.” Only 
in some respects we made modifications in oider to simplify the calculations. 
We shall show its outline in what follows. 


1. Empirical data: 

a. The binding energy of the deuteron is (2.208 +0.007) Mev.” 

b. The total cross section of the scattering of slow neutrons by protons is 
(20.36 +0.10) x 10-*%cm.? ® 

c. The effective range ~ for *“S proton-neutron scattering is estimated as 
(1.56 +0.13) x 10-"cm.?™ 

d. The effective range ~ for *’S proton-neutron scattering cannot be well 
determined at present, but may be smaller than that for *S proton-proton 
iateraction ;' (2.71+40.13) x 10-“cm.” 

e. The quadrupole moment of the deuteron is found to be 2.73 x 10-“cm.2™ 

f. D-state probability of the deuteron is estimated as 396™ from the magnetic 
moment of the deuteron. 

g. The mass of 7-meson was assumed to be 286y,.* 


2. Nuclear potentials : 


If we make the modification mentioned in the introduction for the irregular 
tensor force, the expression for the nuclear potentials are given by the following 
formulae for #-f and p-x systems : 


S ; V(4)=(a= r)e“/z, (1) 
S45): V(x) =(24+56)e*/2—Sn(et/2)A (2) 
for neutral vector meson field, and 
aN) > V(4)=—(1/2)ce*/x, (3) 
*“S4+°D; V(x) =— (1/2) ce*/x— (1/2)cMV(e“*/x) +A (4) 


* The most recent experimental value, 


276 me, was known to me i 
main conclusions will matin “ae 


be conserved even if we make this alteration. 
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for symmetrical pseudoscalar meson field, where 


3(6,-x” ars 5 
A= ( : aNty #2) 24,.0,1 (5) 
2 
a= Ae M ’ é= Win M 5 Rae M E (6) 
hic m,, hc Mz, hic Mx 
Ml 
X=zr, z= —— 7 
: i (7) 


and Mand m, are the masses of nucleon and z-meson and gj,g, and f, are 
vector, tensor and pseudovector coupling constants of vector and pseudoscalar 
meson fields respectively. 


3. Slow nettron scattering: 
The Schrédinger equation of the *S wave is 


au 
as 


+(#+4 @s-a)—) u=0, (8) 


where 


B= ME/#2, (9) 


E being the energy of the incident neutron in the center of mass system. The 
equation (8) is written for neutral vector case, but for symmetrical pseudoscalar 
meson field we have only to replace (246—a) by ¢/2 and in all the following 
formulae the discrepancies between two fields are trivial like this. So we shall 
give the formulae only for vector case below and for symmetrical pseudoscalar 
case only the results are given later. 

The obseived total cross section for slow neutron is 


3 1 


o=—_a,+ —o,= 20.36 x 10-“cm?. 
4 4 


The contribution of singlet state scattering 9, to @ is known from the scattering 
of slow neutrons by parahydrogen™” and is given by 
o,=73.7 x 10-*cm**. (10) 
As 
~— 47 sind, pa ME 
6. == >, =! fia ree en 
hy e 


* This value is the one which is used in Wu and Foley’s paper, see reference 4, We also used 
this value following them, but the correct value is somewhat smaller, namely 70.88 barns, according to 
Bethe, see reference 9. If we take this correct value, we obtain 4/sindy=0.0567 instead of 0.0556 in 
equation (11). However this modification induces very little change in the value of (26—a) in (16) as 
can easily be seen from (12/) and (14’) and the main conclusions of this paper are certainly not 


changed by this correction. 
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one obtains, for m,=286m,, 


& 0.0556. (11) 


In order to determine the value of (246—a) which gives the observed phase 4, 


(11), we shall employ the variational equation 
3 [ru E= +4 (26-2) | Sexo, (12) 
0 ax” £ 


which is equivalent to (8). We assume the trial wave f unction” 
u=cos 0,-sin kx +sin 6,(1—e~*) (1+ Be~™ )cos £2, (13) | 


where f is a variational parameter. Fuither we make use of the following 


identity from the theory of scattering 
aint. =+ {sin éx| (26—a) =| ade. (14) 
k Jo x 


Upon substituting (13) into (12), (14) and neglecting higher order terms in & 
which is of the order 107-* for the energy of the order of 1 ev. from (9), one 
obtains 


[1—6 (26—a)ln (16/15) ]B= —1+6(26—a)[n(9/8) +4 cot 6,/6], (12’) 


[(26—a) /6]8@=1—(24—a)[ (1/2) + & cot 4], (14’) 
From the cbove two equations (26—a) and are both determined and are given: 
26—a= 1.5676, B=0.4955. (15) 


4. Ground state wave function of the deuteron is [w+(1/2V¥2)Aw]y*™, 
where yi is the symmetrical spin wave function and ~ and zw are the *S and °D 
wave functions in the Z,S representation. The equations for x and w are 


« 4 
aw +|- Pee! (a+ 2 5) _ Dani et 6 | x 
= _93 By eo u 
3 x 


where « is related to the absolute value of the binding energy €=2.208 Mev. by 


a Me 2 ss ) 
eer =0.09654. (17) ' 


First we tried to determine @ and & resp 


ectively from equation (16), choos- 
ing specially V= f=], 


Next we took a=0 according to Bethe’s single force 
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hypothesis in order to examine the appropriateness of Bethe’s neutral vector 
meson field on the basis of the approximation method mentioned in the introduc- 
tion, which is a main subject of this paper. In the case of symmetrical pseudo- 
scalar meson field, force constant c is determined from slow neutron scattering 
just as in the case of single force hypothesis. In these cases, we tried to 
determine WV so as to satisfy (16) for appropriately chosen ¢ values. All these 
calculations are carried out almost in the same line and in the following its 
outline is shown for the case of single force hypothesis of neutral vector meson 
field. Simply writing 26 == m = 1.5676 and transposing all the terms containing 
undetermined parameter JV to the right hand side, we can rewrite (16) by 


2 —x iS P —Ex 
au +[-7-% 4 |u=- mw ww, 
3 3 


x we 
2, —2z tx Toy Ai (16’) 
ee Je-[3” nay 2) 2 u |W. 
[ ae oa 3 uy 3 x 
On denoting 7, and/, by 
4 i ye. aypeleyen® 2 Olins a CAS! 6 ; 
i= 44 w+ w+ 2 (0 + w") +—w? +——_(u +7") | dx, (18) 
0 oa BE 
fos} a —txr —"z 
=| I= ya we | de, (19) 
0 3 £ soe. 
it is seen that the problem is equivalent to the variational problem 
0(1,/I.)=0 (20) 
and the eigenvalue JV is the minimum value of 
T 
N=. (21) 
rE 


We employed in the calculation the trial wave functions* 
u(t)=(l—e™)e™, 
w(x) = (le), 
where y and # are parameters to be determined by 
aN /ay=0, aN/ap=0. (23) 


The integrations (18) and (19) can be carried through analytically and we used 
trial and error method to solve (23). First we calculated for §=1 and in some 


* These trial wave functions correspond to choosing simply B=y in the equations (24) in Wu and 
Foley’s paper, see reference 4. As can be seen from the results of Wu and Foley’s, @ is almost equal 
to 7 and the quadrupole moment of the deuteron is almost entirely determined by y and is very insensi, 
tive to B and 7, so in order to simplify the calculation very much we choose specially B=7, although 
the accuracy is reduced somewhat. 
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cases fuither examined the effect of changing ¢. Having obtained the values of 
y and f, we can readily calculate the quantities which can be compared with 
the empirical data mentioned at the beginning of this section. This is done below. 


5. The effective range for the triplet and the singlet states: 

Consider first the 1S state of the continuum and let w, and w, be the solutions 
of (8) for two energies %, and 4,’ that go asymptotically to the following 
functions 

aes sin (4,4+ 0,) = _sin(kr+ 0.) 
: sin 0; : ‘ sin 0, 
where 6, and 6, are the phase shifts. It can readily be shown from (8) and the 
differential equations for v, and 7, that 


hee] tot dU aa \. Glew (24) 


and that the integral {?(7,v7.—7,.)dx is rather insensitive- to the value of the 
energies below a few Mev., and to a good approximation it can be regarded as 
a constant. This is used to define an effective range by 


ee eS ee 

al (oje— mn) dee = —| (w—w)dx (25) 

2 xJo0 zxJ0 

where wz and wv are the function for any energy below a few Mev. In order 
that any assumed nucleon potential V(7) may reproduce the “observed dependence 


of the phase 0 on the energy &, it is necessary that the 7, calculated from the 


solution « for the (7) be the same as the empirical value that is obtained from 
the empirical data cited before. 


With the solution (13), we obtain 
xry=[8— (3/4) 8— (1/6) F)] +4 cot 6,(4—38), (26) 


where # is the parameter in (13). Considering that # is of the order of 1074, 
one obtains from (11) 


& cot dy = &/sin 6.=0.0556. (11’) 
If we substitute this value and 9=0.4955 from (15) into (26), we obtain 
ry= 3.2822 x 10-"cm (27) 


which is nzturally the value for 1, = 286m,. 


For the triplet states in the c 
at energies bel 


Discussions about this is given later. 
ase of a purely central potential, the scattering 
ow a few Mev. can again be described by means of a similarly 
defined effective range 79. In our present case with tensor forces, the situation 


is = complicated. It has been shown by Schwinger that to a good appioxi- 
mation, the following relation holds® 
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Eon ae (ee + {"[t— (At wt) ae, (28) 
x Jo 


where z and w are the solutions of (16) but normalized in such a way that ue 
goes asymptotically to v=e**. From (28), it is clear that effective range 7 
is given by the following formula: 


(1/2) ar, = [et — (e+e) de, (29) 


where we can use the expressions (22) for the the above 7. and w. Above 
integration is very elementary and one obtains 7) as soon as # and y are given. 
The results are given later. 


6. Quadrupole moment of the deuteron is given by 
O=(V 2/102’) ee (u— (1/2 V 2 )w)zw dx, 
where z and w are the solutions of (16) normalized according to 
ip (2? +72°*)dx=1, 


In our calculations, the variational wave functions (22) have been employed. 
The results are shown in the next section. 
7. D-state probability : 
D-state probability Pp is given by 


wo 
Poz{ wax 
0 
where wave functions are so normalized that 
= 9 
j (7? +" )dx=1. 
0 


8. Slow proton-proton scattering and high energy neutron-proton scattering 
were not considered in this paper because there is no reason why neutron-proton 
force must be identical with that between protons, not only from theoretical point 
of view but also from experimental side, and in high energy phenomena some 
new complicated situations may occur which did not appear in low energy regions 
and so it seems worthwhile to limit the consideration to low energy neutron-proton 
interactions and exclude the discussions in high energy regions ia order to examine 
the validity of Bethe’s neutral vector meson theory and to seek what kind of 
potential is -the most appropriate one for low energy neutron-proton interactions. 


§3. Results and discussions 


1. Vector case: 
For V=¢=1, the values of a and 6 which satisfy the equations (16) are 
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Above values mean that any positive values of @ and 6 cannot bind deuteroa 


and this can be anticipated from the fact that central repulsive force ss 
than the non-central attractive force for N=¢=1. In a to reduce the sae: u 
repulsive central force, we then took a=0 after the Bethe’s prepises remaining 
. N to be determined from deuteron binding. The results are given in — Vy 
As can be seen from the table, we must choose 4 very large in order bi bind 
deuteron and this results in making tensor force too strong. This feature is not 
changed by ‘letting ¢ large, rather this has a serious disadvantage to male 
7, too small. From these calculations it is decisively concluded that the potential 
derived fiom neutral vector meson field is entirely unsatisfactory for deuteron 
system owing to its repulsive central force. In Bethe’s calculations,” on the 
contrary, this repulsive force was effective to bind deuteron well. However, to 
the author’s opinion, this success is accidental owing to the use of cut-off procedure 
that makes tensor force far stronger near the origin than in the case of simple 
Yukawa potential. 


Table I 


e | 6 | y | mM | @CO-Fem?) | Poss) | 79(10-Mem) 


li 


Neutral vector case 


if 2.00 0.458 13.66 / 6.349 15.00 0.961 
0.375 35.60 4.318 11.73 0.016 


Symmetrical pseudoscalar case 


1 1.80 0.274 1.08 4.678 | 584 | 1.416 
2 2.83 0.260 2.15 3.94 | 5.68 0.940 
Exp. | | | | 73 | 3. 1.56 


2. Symmetrical pseudoscalar case : 

Among the many potentials derived from current meson theory, the only 
one which has right sign of tensor force and has sufficiently large attractive 
central force is that of symmetrical pseudoscalar meson field, in agreement with 
the present most reliable conclusion concerning the type of z-mesoa drawn 
from various other considerations. In this case central force and non-central 
force are both attractive and have almost equal magnitude. The results are shown 
in Table I. In this case, too large values of Q and Py and too small value of 


% are considerably improved, but Q and P,, are still somewhat too large. Again, 
by changing €, main characteristics are not altered. 


3. In order to see whether it is a general feature of adopting Yukawa type 
potential for tensor force that too large values of Q and Py are obtained, or wé 
can attain satisfactory agreement by making central force strong to some extent 
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but not abnormally strong, we introduced another factor & for central force in 
equation (4) and examined the effect of changing & from 1 to 1.5. In these 
calculations we choose §=1 for simplicity. The results are given in Table II. 


Table II 
cnet wr ct lg a TEP DATES A Beit. LED Pree as a 
k B ¥ Lael Q(0-27em?) | Pn(%) | 7%(10-1%m) 

1 1.80 0.274 1.08 4.678 5.84 1.416 
1.3 1.70 0.185 0.67 3.436 2.72 1.575 
1.39 1.660 0.142 0.50 2.733 1.62 1.634 
1.4 1.656 0.136 0.47 2,629 1.48 1.640 
15 1.60 0.04 0.18 0.820 0.13 1.716 
Exp. 2.73 3. 1.56 


As is readily seen from Table II, the values of Q and Py» are very sensitive 
to the change of &, namely the strength of central force. In order to fit O value 
with experimental one, one has only to multiply central force by a factor of 1.39. 
In this case V=0.50, so relative weight of central force to tensor force is 
1.39/0.50=2.8. It can be said that this relative weight has the most decisive 
effect on the expression of nuclear potential and such a potential that explains 
deuteron problem well consists of large central force and relatively small tensor 
force; the main contribution to deuteron binding comes from strong attractive 
central part of force. Also from these conclusions neutral vector field which has 
repulsive central force is entirely excluded. The value of 7 is roughly in agree- 
ment with empirical one, but P, is too small compared with the empirical value 
39%. This defect can be improved by considering the effect of changing € 
somewhat larger than 1, at least qualitatively. But quantitative estimation is not 
yet carried out. 

The quantitative statements are very sensitive to the value of 7-meson mass. 
If we stand on purely phenomenological ground and take My=326.2m,," the 
value which is demanded in order to explain the slow proton-proton scattering 
data by virtue of Yukawa type attractive potential, the numerical results will be 
modified to some extent and especially the relative weight of central to tensor 
force might possibly be near 1. However, the conclusion that sufficiently strong 
central force, at least the same order of magnitude’ as the tensor force, is 
necessary for deuteron system, will never be changed. To examine the effect 
of changing mass of 7-meson to 326.2m, is very interesting and are now in 
progress. 

4. The theoretical value of singlet effective range 7 is 3.28x107%cm, as 
is given by (27), for all the previously examined cases. At present any decisive 
statement about this quantity cannot be said fiom empirical data, so nothing can 
be said about. the value 3.28x10-“cm. But this -is considerably larger than 
2.71 x 10-"cm, effective range for \S proton-proton interaction. Concerning this 


930 M. SUGAWARA 


point it is interesting to note that according to rough estimation 7,=2.88 x 10-%cm | 
is obtained if we take m,=326.2m,. This shows charge independence of oucles 
force, which is a well established fact for low energy nucleon interactions, | 
indicating that 7,=3.28 x 10-%cm is reasonable value for ,=286m,. 


| 

| 

: 

§ 4. Conclusions | 

If the convensional cut-off procedure is not reasonable but an alternative | 

approximation method which employs Yukawa type potential for irregular tensor 

force is more reasonable from meson theoretical point of view, the following 
conclusions can be drawn from. the present calculations : 

1. Neutral vector meson field which gives rise to repulsive central force in 

addition to tensor force of right sign, must be excluded entirely owing to its 


strong repulsive central force. 

2. Among many possibilities of the types and combinations of meson fields, 
symmetrical pseudoscalar meson field is the only one which is satisfactory concerning — 
deuteron problem and low energy neutron-proton interactions. 

3. Considerably large attractive central force, at least the same order of | 
magnitude as the tensor force of right sign, is decisively necessary and the relative 
weight of central force to tensor force has very much influence upon the value 
of quadrupole moment, D-state probability and triplet effective range. The best 
agreement was obtained with 2.8 for the above relative weight. But because 
this value is sensitive to the choice of z-meson mass} nothing decisive can be 
said about this value numerically but the relative weight is certainly greater than 1. 
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§ 1. Introduction 


We discussed the meson production in the previous papers”, but a definite 
conclusion on the type of mesons was not obtained. In this paper we will treat 
the annihilation of a meson, which will give us another information on the pro- 
perty of mesons. 

When a positive z-meson is stopped in the matter, it is repelled from a 
nucleus by the Coulomb force and decays into a #-meson. Therefore we shall be 
concerned here only with the negative 7-meson. 

After all the kinetic energy is dissipated by the ionization loss, the 7~-meson 
is bound by the Coulomb field of a nucleus (cf. detailed discussions of Fermi 
and Teller®). Then it is absorbed by a proton in a nucleus before decaying into 
a po-meson, since they strongly interact with each other. In this case the follow- 
ing varieties of modes are possible : 

(A) Processes which cam occur even in a hydrogen atom, 


Le wy Lae ea al A (7) 
nm +p—-n+T". (7) 
(B) Processes which can not occur in a hydrogen atom, 

Tt +p—-1, (2) 
nt +p+n—-ntn, (21) 
a + ptp—onutp, (np) 
I~ 4+ P+utnonututn, (nn) 
efc., 


where we denote a pioton and a neutron by 7 and 7. 7° means a neutral meson 


capable to give rise to process (7) 
The radiative capture of a meson, (7), is the inverse process of meson pro- 
The main difference between them is the magnitude of energy 


the contribution of the meson current to the matrix 
The 


duction by 7-rays. 
of a meson concerned. Thus 
element will be quite different for the capture and production of meson. 


: 
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y-ray emitted in this process has energy of about (a ee a 
of = ~-meson. f 

The process (7) occurs only if the mass / of neutral meson is smaller than 
of charged meson. From the experiments at Berkeley, we can suppose that le ed 
# and the neutral meson x instantaneously decays into two y-rays”. If this process 
(zt) occurs, we shall observe two 7-rays with energy ~pe*/2. 

The competition of (7) and (=) is of special interest, for it has a close rela- 
tion with the recent experiment of Panofsky”. Detailed discussion will be done 
later. 

The process (7) is an analogy of the photo-electric effect. A bound proton 
in the nucleus can absorb a <~-meson, and starts with the energy~pe", Changing 
into a neutron (“bound proton model”). As is seen, the Fourier component 
@(p) with pr~V2Mue of the wave function ¥(r) of a bound proton is responsible 
to this process. However, this component @(#) will be considerably small, since 
the mean binding energy of a nucleus is much smaller than the rest emergy ac 
of a z--meson. This means that the nuclear binding of nucleons may be regarded 
as weak in the annihilation process. Thus it seems necessary to examine am 
opposite limiting case of the free paiticle model for a nucleus. Then the mo- 
mentum balance requires several recoil nucleons and the processes (==), (x9). 
(umn) etc. occur. The lowest order process of them are (a=) and (x9), which 
accompany only one recoil nucleon. In these cases, two nucleons im the final 
state have, on the average, energy~s#¢/2 and start in opposite directions. These 
processes are the inverse of meson production by nucleon-nucleon collision. 

The competition of (#) and (xx) + (##) is an interesting problem, for detailed 
experimental studies on meson stars were carried out by various authors®™. But 
it is regrettable that we can hardly obtain the reliable results for their probsbili- 
ties of many ambiguities concerning the choice of @(#) (ic. 2 model for a 
nucleus) and the nuclear force or the mesonic interaction. 

Furthermore, the competition of (A) and (B) is also important. It has beem 
established experimentally that most of negstive mesons stopped im emulsion 
produce stars which will be caused by (B). Our calculation shows that the sum 
of the probabilities for (”), (=), and (a) is considerably larger than that foe 
(ry). Therefore, if the probability of process (=) is of the order of that of (7). 
our results will not contradict with observed data. 


§2. The process (7) radiative capture 


As was stated above, this process is possible even in a hydrogen atom. Ther 


fore we calculate first for the h drogen in i 
! y case, and obtai probability | 
follows : id 7? 


7 
g 
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where # and Mare the mass of z-meson and nucleon, and ¢ is the value of 
the wave function of a bound meson at the origin. 


Table I. The Values of Sp(7). 


Type of meson : 
(Type of coupling) Interaction Sp(7) 
S(s) V 2V 47 f(Vtr_P)otcc. 4+ 0(#2/M?) 
S(v) V2V ar o(Utr_ryV)Opytcc. 0 
Ps(ps) iV 8V4n f(Ett-15 Vetc.c. 4+ 0(#2/M?) 
Ps(pv) iV 2V4r g(Ute_t5 ty V)Opg tcc. 16 M?/H2 


Ss, Vv, ps and pv are the abbreviation of scalar, vector, pseudo-scalar and pseudo-vector. In the first 
column of the Table I, we denote the type of the meson field before the bracket, and the type of the 
coupling in it. For example, Ps(pv) means the pseudo-scalar meson with the pseudo-vector coupling. Of 
course, the factor £2/4c in (2.1) should be replaced by g?/c in cases of v and pv coupling. 

In the second column, ¥ means the nucleon wave function and ¢ describes the meson field. Other 
notations are the same as used by Fukuda and Takeda, ref.1). /?/#c or g*/%c is a dimensionless coupling 
constant to be compared with ¢2/4c=1/137. 


Finally, we note that for a bound meson S= Aa , where ¢ is normalized as j |¢|2?ar=1. 


9° 
= 


For example, if we take the AK wave function for a bound meson”, |¢o| 


(He) (E) 

I m\ h fic) 

Then the numerical value of W can be given as follows (cf. Table I) : for the 
meson of the type S(s) or Ps(s), 


becomes simply, 


ww =F x4.8x 10" sec”, 


tic 3 


and for the meson of the type Ps(pv), (2.2) 


9 


we —— x 0.83 x 10" sec™?. 


For the meson capture by an atom other than a hydrogen, we can obtain an 
approximate probability of (7) per one proton in a nucleus, by suitably modifying 
(2.1) in the density of proton. The results are; for S(s) or Ps(ps), (Z=atomic 


number) 


*) For definiteness, we refer to the X wave function, though a meson will probably be captured 


from an outer orbit. 
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J w= \g,)%r3 x 4.24 x 10% sec”, 
4 he 
and for Ps(pv), (2.3) 


1 £ 2 3 99 -1 
2) Ss Sy he BER IE eee 
Va t tic lPo| 0 
where 7)=1.37 x 10-™ cm is connected by the relation R=r,A'® with the radius 


R of the nucleus with mass number 4=2Z and 


2 1 je 
t= —|lo @) ar. 
é R? 
3 In| ZR 


The above approximation corresponds to the neglection of the nuclear binding for 
a proton in a nucleus. The effect of nuclear binding will not change the absolute 
probability more than a factor 2 or 3. This can be supposed by the following 
estimation. Assuming the Gaussian type for a wave function of a bound proton, | 
the probability is given by (cf. eq. (5.1 G) taking a=ry) ) 


22 \ghltr? x 8.24 x 10” sec? for S(s). 
c 


The probability for 2-~ decay is experimentally determined as~10** secu. 
We can show that this is smaller than the probability of (7) (cf. Fermi and 
Peller. .ret.24.).).. 


This process was discussed in greater details by Bruno”. 


§ 3. The process (7) 


The process (7) can occur even in a hydrogen atom, competing with the 
process (7). Its probability for hydrogen case is calculated as, 


wh Aa fis? tpomae 
W,=8 | ¢—_—:- 2 eee . 
Po] FT aie Page SP(*), (3.1) 


where f) and /4 are the coupling constant and the mass of a neutral meson. The 


value of Sp(z) is different for different types of meson assumed, as is shown in | 
Table I. | 


We can apply the above results for an atom other than hydrogen, with 


analogous modification as discussed in §2. These processes, (y) and (z), were | 
also discussed by Nagoya group”. | 


§5. Discussion I.--Capture by hydrogen atom 


In the preliminary experiment, Panofsky observed the 7-rays with energies 
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Table IL The Value of S¥(z). 


ed 


Type of mesons Sp(n) 
love n° Neutral type interaction Sy rane trical type interaction 
ais) 86) 2(H2— Hy?) 2/42? 
S(s) S(s) 0 : 
32 M?/p? 
S(s) S(v) 0 le 
S(v) S(v) 0 
Ps (ps) Ps(ps) 8 te ie 
Ps (py) Ps(ps) ope | A 
Ps (ps) Ps (pv) I ‘ 
P: P 8 S 
ae hey) 2[2 (uy? — 2?) M+ pore) */ALr wt 
S(s) Ps (ps) (2u2 — 4,2) [M2 ra, eae 
S(v) Ps(ps) 0 } ( ie 
S(s) Ps(pv) 2(u2— Hy?) [M2 ! 
S(v) Ps(pv) Ole 32 (42 — po?) A22/ us! 
Ps (ps) S(s) (22 — po?) 2/24 2(p2— 9?) [AE 
Ps(pv) S(y) 8(u? — po") 2? ; 
Fe(ee S(v) 0 © 8(u2— 9") [1 
Ps(pv) S(v) 0 


|| denotes the set between each of which the equivalence relation holds. We assume two types 
of t-interactions between nucleons and neutral mesons ; 

(1) neutral type, e.g., V4 fo (V7 tts?) ¢o for S(s), 

(2) symmetrical type, eg., W4z fo (%*¥)¥0 for S(s). 


~65 MeV and~130 MeV from z7-mesons stopped in the hydrogen eas’ 2S 
was pointed by him, this may be interpreted due to the processes (7) -and (7) 
followed by the two 7-decay of 7’. The direct emission probability of two 7- 
rays is found by Ogawa and Yamada” to be as small as one fiftieth of that of 
(7). Therefore we may conclude that i) the processes (7), and (7) occur with 
comparable frequencies in hydrogen gas and ii) their probabilities are larger than 
that of z- decay. From the calculations in §2 and §3, we obtain their retio 
WW 2as, (ci. Table Il), 


Wn — Jo V eae SPCR) (4.1) 
W, e ke SP(r) 
As we can suppose M~# (cf. ref. 3)), their mass difference is put as du=pu— fy 
(more precisely, 4¢=—fo— (neutron mass) + (proton mass) — (electro-static 
binding energy of a bound m--meson)), and may be regarded as Jp<p. 
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Table I. Values of Sp(7)/(z)- 
nn, —— 


Type of mesons | Sp 7) | Spe) 
Neutral type interaction ! Symmetrical type interaction 

S(s) S(s) M2/2(4y)? 12/SM2 
S(v) S(s) — “fing 
S(s) S(v) — pe? /8M? 
S(v) » S(v) _ a 
Ps (ps) Ps(ps) 1/2 2 M*/z* 
Ps (pv) Ps (ps) 8 M4/,4 2 M*/y4 
Ps(ps) Ps (pv) 2 M?/p* 1/2 
Ps(pv) Ps(pv) 2 M/ye 8M4/[2—44pM]? 
S(s) Ps(ps) M?/y4p nfAdp 
S(y) Ps(ps) _ - 
S(s) Ps(pv) M?/y4p [16 M?4p 
5(v) Ps (pv) _ | - 
Ps (ps) S(s) 4 M4/°4u M2/p4p 
Ps (pv) S(s) M?/u4u M?/n4u 
Ps(ps) S(v) = ujsdp 
Ps (pv) S(v) ‘ = | M?/p4n 


In the relation (4.1), we have three undetermined quantities Ju, f, (go) and 
W,/W,. We may consider from production experiment® that f, is the same 
order of the magnitude as 7, though their absolute values can not be determined 
unambiguously, as seen in our accompanied work”. On the other hand, 4g will 
be fixed by increasing accuracy of experiments. In fact, the width JE of the 
energy spectrum of 7-rays around yec?/2 will be given by, 


4E~ (24p1/p1) 22 ~a few Mev. (4.2) 
Furthermore, W/W, may be nearly equal to 1. 
Then the coupling constant /, will be estimated from the equation, 
fy —( #\’ Spr) | We, (4.3) 
e 2.4 Sp(z) W, 
Since the ratio Sp(7)/Sp(z) is elementarily evaluated as is shown in Table Il, | 
we shall have an information about the type and the magnitude of coupling cons- 


tant of mesonic interaction. We can just reject the case where both a--and 2°- 
mesons are scalar, because of the following reasons : 


(a) Charged meson S(s) and neutral meson S(s) of neutral type. In this 
case (4.3) results in | 
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fw Af M2 1 
ee Vv 8\ du! \p 4p 
for W,~W,. The coupling constant f,°/Ac can be reduced to = 1, only if du/p 
>1/2.3. This mass difference seems to be too large to be reconciled with the 
magnitude of 4A and other experimental facts concerning neutral meson”. 

(b) Charged meson S(s) and neutral meson S(s) or S(v) of symmetrical 
type. Here we find 


iLips a we \A ~2x10-(-#)8 

2 eo Ap Sa 4p 
In order to get f2/%c of the order of unity, 4“/# must be as small as —710mae 
Such a small mass difference is very unlikely, although the measurement of the 
width JE may not be so accurate as to decide whether the mass difference is 
really so small as above or not. 

(c) In the other cases, either IV, or W, vanishes and two groups of 7- 
rays from 2~-capture by hydrogen should not-be observed. 

By the similar arguments we may reject the cases, when either z~ or 2° is 
scalar. 

Thus we are compelled to adopt the pseudo-scalar meson theory both for the 
charged and neutral mesons. Furthermore, if we could know the precise value 
of w, and W,/W,, we could determine the coupling constant f,. For example, 
if we tentatively take 


4¢_ 3 _(46~30Mev), “= =1, 
100 W. 


Nad T 


we get 


fi__4 1 SQ) 


he 137 Sp(2) 
The results obtained from this expression are tabulated in Table IV, 


Table IV. The Values of Coupling Constants. 


Type of meson | Coupling constant*) 
ae mo | Neutral type interaction | Symmetrical type interaction 
Ps(ps) Ps(ps) | 0.016 25 
Ps (pv) Ps (ps) 440 2.5 
Ps (ps) Ps (pv) 2.5 0.015 
Ps (pv) Ps (pv) 2.5 > 440 


*) The value of /)°/4¢ for ps-coupling, and g2/4c for py-coupling. In this table, we tentatively 
take dp/u=3/100 (4u=4.3 MeV/c") and W,,/W;=1. 
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§5. The process (7) ..-Analogue of the photo-electric effect 


We will here estimate the order of magnitude of the probability WH for the 
process (7), which has been discussed by many authors”. We take the following 
three types for the wave function of a bound proton ; 


Gaussian type 


’ 
if eT Fei (5.1G) | 


Po lag?l2 
exponential type 
V,.)=sa35 es (5.1E) 
and Yukawa type 
? =a (5.2Y) 


Papa. 


The use of these wave function compells us to restrict our calculation within the 
non-relativistic or Pauli approximation. 

I) Non-relativistic case. As for the mesonic interaction, we assume the 
following two types: 


VI Vin f (U*e_,) Fe i S(s, N.R.) 


and 


hk 
del V4n g (¥*7_0F,) Wu ry, Ps(pv, N.R.) 
V2u 


where ¢ is the wave function of a bound meson, normalized as [ier fidr= 1. 


(Note added in proof: We have overlooked here the coupling containing time-derivative, which leads 
to the same results as obtained from Ps (py, Pauli) (see next page) ). 
We neglect the small binding energy of a meson caused by the electrostatic 


potential of the nucleus. Then the probability W, per unit time per one nucleus 
for the process (”) is given by, 


W=282.z.( ) ME (a) 
her? 
e for Gaussian type, 
2 
x (L+)° for exponential type, 
; 


for Yukawa type, 


me WANED 


if 


a 


* 
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where 
Z=atomic number of the nucleus, 


i EE ETE Mev, 


ak 2Mr, 
and ( ) means, 
(=F alta? ee ANB 
c 
ee tay an ; 
( )=2 |—4y,| @ for Psl ove Ne.) 
he pe 


t= —|, Wore, 
a ae 


« 


If we take, for example, a=”, we get; 
2.03 10sec for Gaussian type, 
| 
Wo=2e( ) ) x ONO x 1Ozesec for exponential type, 
\ 2.6310" sec"? for Yukawa type, 


and the cross-sections are given by, 
| 59210"*- en’ for Gaussian type, 
o,=Z-=.-( yx ) 6.94 10-% cm* fer exponential type, 
\ 6.78 x 10-* cm? for Yukawa type, 


where v means the incident velocity of the negative meson. 

We remark that the Yukawa wave function with a~y, is asceitained by Chew 
and Goldberge1®, while the Gaussian wave function were often used to calculate 
the total binding energy of a nucleus. Thus we may consider the true value 
lies between the cases of Gaussian and Yukawa types, say, 

1 


1V,=Z-( yx 107 ~10" sec™. 


Il) Pauli approximation (for details, see Bruno, ref. 7)). For Ps(ps), the 
Pauli approximation gives the probability W, which is smaller than (6.2) for S(s) 
by the factor »/2M: 


1.54 10” sec™ for Gaussian type, 
Weak \bo|*ro X eee 107 sec for exponential type, 
2.00 x 10% sec™ for Yukawa type. 
Ps(ps, Pauli) 
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$6. The processes (x7) and (xp) 


{ . 
These absorption processes were’ previously pointed out when we discussed 


the nuclear disintegrations caused by them”. The total momentum is conserved 
by one recoil nucleon and this recoil momentum is transferred by the nuclear 
force. 

We calculate the probability for these processes, in following two ways; i) 
We assume the phenomenological nuclear force and use the meson theory only 
for meson annihilation, as was done by Foldy and Marshak in their treatment on 
meson production. ii) We calculate the whole process meson-theoretically. 
The Fermi gas model is assumed for a nucleus. 

i) Using the phenomenological nuclear force. We adopt the following 
Yukawa potential as the nuclear force. (Cf. ref 10)) 


V(r) =/ Ow (xr), (6.1) 
where 


w(x) =~ 


“and 
1 
Q= nay as +P.) 1—P,) + A—P,) A+ P-.)g¢).- 
J is the depth of the potential in *S-state, and g is the ratio of the potential depth 


. 1 - - . 
in *S to that in °S. To fit the neutron-proton scattering and the binding energy 
of deuteron, they are determined as,” 


J=67.3 Mev, (6.1 a) 
Acx= 167 Mev, 
Bea g =0.480. 
The absorption probability W% can be separated into two parts ; W,,, for the process 
(zm) and W,, for the process (zp). Calculations are carried out in the case Ps 


(pv). The results are as follows; If we adopt the non-relativistic interaction (cf. 
§5), we obtain, for Ps(pv; N.R., N.F.), 


pn 4 
W.= Way + Wry = Wm 4 Woy (6.2) 
==. Laie | Bi dr C9 L. * M Me, 
He 
een 4n \ue*/ ph hk 


Yea i i 
s the quadruple integral in momentum space, which appears from averaging 
> 


an ae 
t me nee momemtum of nucleons through Fermi distribution and summing 
up over the final momentum outside the occupied sphere ; 


On the Negative m-Meson Capture 941 


0 
r={\If BE ES ES a ae aed De AY 
ay 28 M°c 
IPYist Po isPry \8 *) 
UP Ae bei err 


PX P& a P? P? 
a(S AL yy ee 
OM 1 OM moat =e) 
[2, (|B — Pil) +0, (|B! PE (62 a) 


Momenta with and without suffix O are those of the initial and the final state, 
respectively. f , means the Fermi momentum of nucleon gas and is~200 MeV/c. 
w,(q) is the Fourier component of Yukawa potential multiplied by the nucleon 
density, i-e., 


hE Li De 2 ? 
: dns 1+ (9/hx)’ 


(6.2 b) 


Approximate estimation of the integral 7 is given in Appendix. We see that 
this result is practically equal to the one which is obtained neglecting the Fermi 
distribution and assuming the two nucleons are initially at rest. The numerical 


value is; 
=| | 4 4g | “dr x 1.59 x 10” sec 
hc pc 
lr| ar 
ae EP Abhi? & 183% 10" she 
Re \ pc 
foraPs(pv, N-Ry, NI), 
where 
A 49, | een \ | 4 sgcr) | ‘dr, R=nA'", 
pe 4n pe 
yy Ir| ZR 


provided A=2Z. 
If we take the non-relativistic interaction for S(s), we find, 


W,=0, fOr OS, Nc apenas) 


On the other hand, covariant calculation with covariant interaction gives the fol- 
lowing result for Ps(ps), 


W,=Z- LF ivlrt * 1.78 x10" sec, 
c 


W.» =0AT 114, 


‘ont 
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where 


I= —| lo) Far Ps(ps, NF), 
—e ; [rick 


and thus the equivalence theorem gives for Ps(pv), 
Wy=Z- © ||? 798% 3.15 x 107 sec Ps(pv, N.F.). 
he 


On account of strong interaction of z-meson with nucleons, a nucleus can 
absorb a 27-meson bound in an outer orbit; and the effect of binding of a 2 - 
meson itself can be neglected. While the effect of non-static interaction should 
not be overlooked and the covariant calculation must be used for our purpose, 
because of rather large rest energy of a =~-meson. 

ii) Using the meson theory throughout the whole calculation. Assuming 
the symmetrical theory, we get the following results from covariant calculation, 


W=2Wqy =2Wry 
=A) Ifpl2r,2 x 3.2 x 10" secs S(s), 
c 


a : 
We= 5 Wm =14 Wg 


2x3 
= A= ) Idol*r® x 2.14 x 10” sec™ Ps(pv) 
c 
and 


W,=2 Wy, =2W,, 


2 3 
= Z (<) \Pol*ro° X 4.8 x 10" sec? Ps (ps). 
he 


§ 7. Discussion If---Capture by an atom other than hydrogen 


It is well known from the experiments on attificially produced mesons™, 
that nearly 73% of negative mesons stopped in emulsion produce stars with more 
than one prong. Furthermore, about half of the z7--mesons not accompanied by 
an observable star prong show clubs at their end of the track, which seem to be 
due to recoil nuclei. Thus, we can consider the processes (7), (zm) and (zp) ete. 
occur at least in 86% of meson-capturing nuclei. From the propeities of meson 
stays, it is hard to conclude which of the process (7) or (v7) + (2p) is the main 


process. The fast protons and the prong spectrum of meson 


-stars can be roughly 
explained ia either case, by 


calculations on the nuclear penetration and the nuclear 


| 
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evaporation process, although all of the observed data seem to favor the process 
(un) + (np). 
We shall discuss the results of the above calculations in comparison with 
_ these experimental facts (cf. Table V). 


Table V. Summary of §5 and §6. 


a 


Process (72) Type of meson 
W/Z ( ) N, R, or Pauli HE} Ne(us) Fey) 
2.0 x 1071 (G) 1.5 x 102°(G) 2.0 x 1071(G) 
2.7 x 1072(E) 2.0 x 10°1(E) 2.7 x 1072(E) 
2.6 x 1074(Y) 2.6.x 1075(Y) 2.6 104(Y) 


| 


Process (7272) + (727) 


ge 


g? % = GUN Ess 2 

12 4) * 0 1.33 x 1078 

Wz 5 | ap NE. 

W/Z = | ¢° | 27% NE. 1.78 x 104 3.15 x 10 
SF? 3,, 9,5 meson 3.2% 1022 2.1 x 1027 4.8 x 1025 

Wrz ( oy Po\"70 theoretical ye 


1) The meson of type S(s)- The probability per one proton for (x) is 
(in exponential or Yukawa case, cf. § 4) 


£ |b, |*7o° x 2.7 Xx 102% ~2.6 x 10" sec7! 
c 


and that for (2) +(xp) is 


Pfs Ns 
(£) Idbolre? x 3.2 x 10” seem 
c 


These are comparable order of magnitude. While for (7), as mentioned in § 2 


FP igre x 42 x10” sec’. 
Ac 


This is much smaller than that of (#) or (7m) + (np), ard thus the meson of the 
type S(s) does not seem to contradict with the experiments on meson-star. 

2) The meson of type Ps(ps). As well as in the meson production, the 
probability of (2) + (7p) differs greatly whether we use the phenomenological 
nuclear potential or not. The use of the phenomenological potential may be quite 
Wrong, since it gives unreasonably large coupling constant 7? /a’c=270 in order to 
fit the meson production (cf. ref. 1)). If we use the meson theory throughout 
the process, the probability of (nn) + (np) is given by, 


a he 


a Pe 
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l pua(fY \6\%2x 4.8 x 10” sec™. 
5 W=( ) lPol"%o 


The coupling constant f*/%c is determined as~2.0, from the meson production by 


protons (cf. ref. 1)). While the probability for (7) is, 


eo W=t_|lr3 x 4.2 x10" sec~’. 
Cc 


LZ 


These two W's should not be directly compared with each other, because 
these two are inverse processes of the meson production by a nucleon and a 7- 


: 
' 


| 
| 
| 


ray, and the value of coupling constant f°/#c determined by them differ consi- | 
derably with each other, i.e. f°/4c=17 for the production by y-rays and f°/Ac= | 


2.0 for that by protons. This may be due to the neglect of higher order proces- 
ses, especially the 4-th order processes in y-ray case, or the wrong approximation 
of perturbation method accounting for the large magnitude of coupling constant. 


Therefore we might insert different value of the coupling constant for W, and W, | 


and compare them, 


W, _ 2x48x10" _.55 
We. 17x42x10" 


Apart from such an ambiguity in the magnitude of #°/Ac, the meson of type 
Ps(ps) seems to be able to explain meson-stars, too. The probability for (#) 
is of the order of 


I Fe 
FZ Wi=Z1p,l*3 x 10°~10* sec™. 


Thus we have Wi=W,, and (xm) +(p) will be the main process of the 2>-meson 
capture. 


3) The meson of type Ps(pv). From the above calculations, we find, 
W,< Wy 


both for Ps(pv) and Ps(pv), S(s) and the agreement with observation is ceitified. 


§ 8. Conclusion 


We summarized in Table VI the result obtained from the meson production 


and the meson capture which’ were discussed here and in the preceding papers” 


And the criteria for various type of mesons are tabulated as follows: 


As is seen from this table, S(s) seems to be certainly rejected, since there — 


are further reasons unfavorable to this type, e.g. the nuclear force and the — 


Thus the pseudo-scalar meson theory seems | 


anomalous magnetic moment, etc. 
to be most favorable, as considered heretofore, 


potential may not be allowed for mesonic phe 
to remain ambiguity in the pseudo 


and the use of phenomenological 
nomena. However, there seems 
-scalar coupling constant of pseudo-scalar meson, 
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Table VI. Summary of Results. 
Type of meson 
Meson production by : Experimental 
S(s) Ps (pv) Ps (ps) 
X-rays ef? x 6x 10-27 ef? x 3.82 4.2 x 10-29 
( f2=1.08) x 10-23 

(g2~0.1) (f2=1) 

Protons 6x 5.3x 10-7 | g6&x34x10-4 | fox 2.8 x 10-2 
(meson-theoretical) (f7=0.35) (g?=0.19) ( f27=2.0) 

Protons ~f? x 10-% ge? x 1.5 x 10-3 2x 8.4 x 10-31 
(Phenomenological (f2~2) (p2=1.5) ft Cy ae 
nuclear force) 

Meson Capture : 
(7) 25g {ea} x 1020 gx 7.5 x 10” f? x 4.2 x 1070 

(nn) + (2p) g®x 2.1 x 1027 f° x 4.8 x 1073 

(meson-theoretical) (13: 1) (Qhad)) 

(x) + (72) 

(phenomenological nuclear J ®X 3.2 x 10% g?x 3.2 x 10% f?x 1.8 x 1071 

force) G2) (311) (14)) 


The figures concerning meson production are the total cross-section per one nucleon in cm’, and those 
concerning meson capture give the capture probability per one proton in the nucleus for various processes 


in sec—}, 


divided by J Yo | 273, 
The figures in parenthesis mean the ratio WVnn [Wap - 


breviation of dimensionless constants f2/#¢ (or g*/#c) and ¢*/ac. 


Table VII. Criteria. 


SS 


Furthermoe, £2 (or-g*) and ¢? are the ab- 


Criterion 


Type of meson 


S(s) 


Ps(pv) 


Ps (ps) 


1) Is the angular distribution of mesons of No. Yes, Yes. 


mesons from X-rays nearly isotropic ? 


2) Are the coupling constants determined from 


meson production by X-rays and protons 


equal ? 


8) In capture process by an atom other than 


hydrogen, has (7) smaller probability than 


(72) + (272) + (2p) +ete. ? 


4) In hydrogen, have the process (7) and (2) 


comparable probability ? 


5) Does it favor the two 7-decay of a neutral 


meson ?14) 


6) Does it favor the three z-decay of a t- 


meson ? 


Yes. 


Yes. 


No.** 


No. 


*) The 4-th order calculation may revise this discrepancy.) 
**) It may be possible that the case, (see § 4), 


charged meson: S(s), 
neutral meson : S(s) 


or S(v) of symmetrical type. 


Yes. 


Ves. 


Yes. 


Yes. 


Yes. 


No.* 


Yes. 


Yes. 


Yes. 


Yes. 


946 Aripzu, Fuymoro, Fuxupa, Hayakawa, TAKAYANAGI, TAKEDA & YAMAGUCHI 


which may not be solved without the further progress of experiments or the 
more refinement of the present formalism of meson theory. 

Acknowledgement The authors express their sincere thanks to Professors 
M. Taketani, S. Nakamura and. Y. Nambu for their kind discussion on this work. 
They are very much indebed to Professor H. Yukawa for informing new results 


of American authors. 


Appendix 


Estimation of the Integral J (cf. § 7). 
In the integral /, the matrix element 


w, (|P,’—P,|) +72,(|Ps'— P|) 
of the nuclear potential can be regarded as a slowly varying function of relative | 
momenta P,’—P, and P,’—P,, and is approximated to be constant, 2~,(~ Afu c), ) 
which corresponds to the value for P,’=P,’=0. Then it is sufficient to consider 
the integral 
PL— Pe pa, 

2M 


: 
|| |)epst+ pe P.—Py) a( + pe’). | 


Pry tell e leet § 
|P,|,| P2|2Pr 


=| ozs dE, J(E,, E); 


JE, B =|\ {jer dPs dP, dP, 9 fim Ea —E,). 


P&+P°—P3—P 


; Pye); 
2M ‘ 


J Ey 4) =/(Ex» &). 


J(&, £) dE, dE, represents the relative probability that the two final nucleons 
have the energies within £,, 4,+d&, and &,, E,+d£&,, respectively. 

In order to peifo.m the integral in /(4,, A,), we go on as follows. At 
first, we peiform the 1.tegration over the momenta P, and P,. “Next, if we 
transform the variables P,’, P,° i to the new ones 


.0(P+P,/—P,- P,)9( 


1 
(Pht Ph), (Pe-P2), 


further integrations can be peiformed in an elementary way and we find the fol- 
lowing result, for £,>&, 


FY eye (const. ) x 


5 F 2 3/ 1 eae Ez 
12VE, E,— (we—B) 58 for gy  Mne+ VE)*> E> &,, (1) 
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[{22—(“E,— VE—E, )*\°" +3(2£,—£)} VE,+ VE—E,— VE, + Vi), 
forte. Badge et. 
[ {2£— (VE, + VE,—E)*\" —{2F— (VE,—- VE,—E)?}%? 
+ (IVE E,— (ue —£) 8? +6 (24,—E) VE;); 


E+ po 
for > Fy ee (3) 


where 
E=E,4+ 2£,— pe, 


; . 2 man fae 
Fe == E+ po+ J (e+ pee)? jporF2V E,(E— E,) if. 


Finally, the integrations over &, and £, give the desired result. This result 
is practically equal to the one obtained for the one when we omit averaging over 
| the Fermi distribution 


| \ aP) dP 


and we put P,°=P,°=0, Py=0. 
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§ 1. Introduction 


Since long ago, it has been obscure whether the second maximum of Rossi 
curve really exists or not. If the maximum exists, it is very important to explain 
what kind of showers gives rise to such a maximum. Bothe and others 
ascertained this phenomenon by their experiment and attempted to explain it as 
due to hard or knock-on showers.” However, Janossy~ maintained it from his 
experiment as a spurious effect, while, on the other hand, there exists some 
experiments” which contradict with his result. Although the experiments and 
the interpretation of the above authors are partly conviiacing, they seem to be 
not free from such ambiguity and inconsistency that we are forced to take up 
this problem on the ground of the later development of cosmic ray physics. 

Recent experiment carried. out by Kameda and Miura® seems to establish 
the evidence of the existance of the second maximum, and they inferred that 
this maximum is caused by the nucleonic component on the absorption law of 
agent rays and of the initial increase of the shower frequencies in lead and para- 
fin. The similar result was also obtained by Clay”, but he attributed it. to 
knock-on showers. His interpretation may, however, not be accepted because of 
the following reasons : 
1) Primary rays show the characteristic feature of nucleons as already seen. 
2) According to the theoretical and experimental® reasons, the saturation 


of knok-on showers should take place*in the much smaller thickness of 

the absorber of the second maximum. 

3) The frequency of the second maximum can not be explained consistently 
by knock-on hypothesis for both narrow and wide zenith angle of the 
agent rays, as discussed in later section (§ 4). 

The absorption coefficient of meson is so small that the knock-on shower. 
can not produce such a sharp maximum. 

In this paper, first we describe briefly the experiment of Kameda and Miura 
(§2), and present the further argument for their nucleonic hypothesis (§3). 
Then we show that this assumption gives tight order of the frequency of the 
shower and inquire some conditions to give rise to the appreciable maximum (§ 4). 
We also discuss some feature of the secondary rays referring to the shape of 


4) 
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the transition curve and study whether or not this feature favours other experi- 
mental results (§5). But our interpretation contain some ambiguity and may 
not be conclusive (§6). 


§2. Summary of experimental results 


In this section, we give an outline of experimental results obtained by 
Kameda and Miura. The apparatus is sown in Fig. 1, where 1, 2, 3, 4, 9, 7, 8; 
are used for coincidences and 6 for anti-coincidence. 

The role of the trays 1, 2 and 6 makes essentially their experiment prefer 
to others. The anti-coincidence (12-6) selects only vertical primary rays and 
can avoid some ambiguity caused by local and air showers. 

We denote the frequency of the various types of showers by the following 
abbreviation. 

NS, (1234—6) : Narrow angle showers produced in 3}, without 2io. 

NPS, (12347—6) : NS accompanied by the discharge of at least two counters 

in tray 7. This was measured for S=— l0em- Fb: 

A, (1234—6) : absorption curve of shower producing rays, measured 

for 31,=10cm Pb and 17cm Pb. Hereafter, we denote 
them by A, and A,,. 

The experimental results of NS and NPS 
are shown in Fig. 2, where the contribution 
of knock-on showers is estimated by Kameda 
and Miura making use of the data of Brown 
er al. 


§3. Feature of primary rays 


Kameda and Miura have already pointed 
ovt that the second maximum is caused by 
nucleonic component on the following two bases. 

(1) Subtracting the contribution of knock- 
on showers, the shape of curve A in Figure 2 
can be represented by ¢~””, where 1/A~15cm 
Pb. This figure of collision mean path is equal 
to that of nucleons obtained by Cocconi et al”. 

Although this interpretation, of course, 
can not be free from ambiguity caused by 
the estimation of the knock-on level in Fig. 1. Counter arrangement 
Fig. 2, this absorption coefficient will not be far from reality, since both A, and 


A,, are converging to the estimated level. 
(2) The initial increase of NPS is far steeper in paraffin than in lead, and 
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counts/h 


2.0 


} NS (12346) Sy=0, D,—0~ 
{Ay (1234-6) Zp=0~S),=10cmPb 
B Aj; (1234-6) Sy=0--D,=17emPb 


10 20 30 40 


Thickness of 5+ m cm Pb 
Fig. 2. Transition and absorption curves, contribution of knock-on showers being subtracted. 


its material dependence is about A~”*. This means that NPS is caused by nucleons. 

These evidences seem to support strongly the nucleonic hypothesis, but the 
relation between the second. maximum and NPS is not clear at once. To make 
this relation clear, we classify NS (only for the case 31,= 10cm Pb) iato two 
types, as seen in Fig. 3. 

We first separate the 
shower producing material into 
two parts, i.e. <(=10cm) and 
@ cm, and denote the shower 
generated in each part by 7’ and 
a’ types respectively, where o’ 
type, of course, does not involve 
the shower which can _ not 
penetrate through +c. 

According to these defini- 
tions, NS(33}, = 10cm Pb) con- 
sists of o/(o=>),— *) and <’/(t=10em) types, while NPS(X1,=oe, §=c=10cem 


Pb) contains only o’ type and A,(S,=e, ie=t= 10cm Pb) contains only z/ type. 


These relation can be shown by the following schemes : 


Fig. 3. Decomposition of showers into two types. 


NS=o'+7' 
NPS=e’, 
Ay=t", 
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and then 
NPS (X,=0) =NS(Ui—-t=2) — Aw (X=s)- 


This equality must be held exactly, provided we ignore the detection probability 

of counter trays. NS—A and NPS can be obtained from the data in Fig. 2 and 

they are compared in Fig. 4. : 
The agreement can be said as fairly good, considering the difference of 


08 


0.6 


0.4 


0.2 


10 20 cm Pb 


Fig. 4. Comparison of NPS with NS—Ajo 


geometrical conditions. The relation between NPS and NS is now evident, the 
second maximum. of the latter corresponding to the first maximum of the former. 
Then if we want to know the character of the second maximum, we have only 


to study the character of the first maximum of NPS. 


§4. Frequencies of showers 


The frequency of the radiation producing the second maximum is about 1 27 
in our case, and this can also be explained consistently by nucleonic primaries. 
As already pointed out,.Clay’s interpretation is not appropriate in this case. 

Putting the directional intensity of primaries as 7, cos"#, the intensity of 
incoming rays in the circular cone with veitical angle 6 is represented by 


2EIL( —cos"*'d). Cla) 
Siyi| 


8 
(9) =22( a0 7, cos"@ sin C= 
0 


u 
As 60 is sufficiently small in our case, (1) can be reduced to 


J()=TF, (2) 
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and it follows 
Jr(8) /[jx(8) =fiv/frx» Jv8) fa(6) =San/Fre- 
The values of right hand sides are given by Rossi® as 
Jin/Tin~1/50, Jix/f12~1/200. (4) 
We put here 7, cos"@ for nucleonic, hard, or electronic component as J,ycos"O, 
Jincos'), or 7,,cos°O and, their momentum ranges of these components are taken 
following Rossi® : 
nucleonic component : = 10°eV/c, 
hard ua : > Sx IeV/G 
electronic ,, : = 10°’eV/c. 
From (3), (4) and the total intensity* (coincidence of counters 1, 2) 


obtained by Kameda and Miura, we can estimate the intensity of each component 
as follows. 


Ix 6.10" Fin/(JietJ ix) ~3h"', (9) 
Je ~ 6.10? Zps/(iat/ir) ~120%", (6) 
Ja~ 610° Ji a/ (7, +7 1x) ~4802". (7) 


From (5), it is plausible to assume that only nucleons with momenta larger 
than 2BeV contribute to the second maximum, because the actual frequency of 
the maximum is about 147’. For the first maximum it appears at the thickness 
of about 2.5cm Pb. The electrons capable to contribute to it, therefore, must 
have energy larger than 20Z;, where £,=7MeV is the critical energy for lead. 

In order to estimate the intensity of the electrons with energy larger than 
140MeV, we tentatively take the integral spectrum of electron F(Z) as” 


F(£)a&E™ for E< 50MeV, 


8 
u&-* for E>50MeV, (8) 


then 
J cascade=F(140MeV) ~5A77. (9) 


This roughly agrees with the frequency of the first maximum. 

Next, we discuss a difficulty of Clay's interpretation. From his experimental 
results, the intensity of the rays producing the second maximum is about 10+ 
times of that of the incoming hard component. If the maximum were caused 
by knock-on showers, this ratio would have to be constant for both narrow and 


wide angle primaries, but it is about 10-® in our case, so that his presumption 
can not be accepted. 


* This amounts about 6-102 4-1, 
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Our interpretation, however, is also valid in his experiment, as shown in what 
follows. As his apparatus selects wide angle primaties, the ratio of the hard to 
the nucleonic component can be estimated by referring to the relation (1) and 


(4) as 


Hard component __ Jix/3_ gy 102 
Nucleonic component j 


(10) 
J LN, 
and if we take only nucleons with momenta larger than 2BeV/c, this ratio 
becomes 2-10. Considering the contribution of knock-on showers, the -value 10* 
can be reduced to the same order as the above estimated value. 

Next we consider the reasons why the second maximum distinctly appears 
in our experiment. In our apparatus, the solid angle of the counter train is very 


small, which gives much larger values of 7y/7, than for wide angle primaries. 


This seems to be the reason why this maximum appears distinctly in our case. 
If we took wide angle primaries, the tail of the cascade shower and the back 
ground of knock-on electrons would mask the second maximum. 
In order to make sure of such considerations, it is desirable to attempt the 
following experiments : 
(1) The experiment with different solid angles, because Jx/Jp Vaties with 
the solid angle. 


(2) The experiment at different altitudes, because Jrx/Jx varies with altitude. 


§5. Features of secondary rays 


The composition of secondary rays is supposed to largely affect the charac- 
teristic shape of the transition curve. As already pointed out, it is sure that 
the second maximum of NS is shifted to the first maximum of NPS, and then 
it is plausible to assume that such a maximum appears only at the position of 
Sit >1,=constant~ 15cm Pb*. Although it is not clear whether or not the second 
maximum of NPS is the same type as above mentioned, the experimental evidence” 
for the maximum of penetrating showers (this corresponds to NPS for 3},~50cm 
Pb) at the position },~15cm Pb makes us infer these two kinds of the maxima 
as the same ones, which appear at the thickness ofosy~locm: Fb*™. 

Then the nature of secondary particles which produce such a maximum can 
easily be explained as follows. Putting the thickness of i; and 3’, as 4, and 
%, (see Fig. 5) respectively, we represent the absorption curves of primary and 
secondary rays as ¢™* and o(4)E(R—x), where Z(7) has values 1, 1/2, or 0 
for x positive, zero or negative and R means the maximum range of secondaries. 
The frequency of NPS can be expressed as 


* Hereafter, we denote this case as case 1. 
4*We denote this case as case 2. 
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M(a)~ ka oe (2,4 4,—2) E(R-4y—42+2)- (11) 
Transforming the integral variable, (11) is reduced to | 
N(q) wor? |F+4)—Fle)t, 2) 
where ; 
F(x)=| erg( )E(R—9)ay aa | 
=H (x) E(R—x) + H(R)E(#—R), 
and 


Ha) =| %e( aay (14) 


We then get the expressions for A(+,) corresponding 
to three different ranges of R: 


NV(4;)~0 for R< 2, (15a) 
N(4,)~e7* "172 } A(R) — A(2,) } 
for 4% < R4,+2%2 (15b) 
Fig 5. Sketch of May) we 02 | H+ 42) — A (a3) } 
penetrating shower. for 4;+2,< R. (15c) 


For (15b), V(4,) is a decreasing function, so that the maximum appears at 
the minimum value of 2%, i.e. 


Linax = R—2p- (16b) 
For (15c), the maximum position depends on the function A, but in any case 


Tymax = R—2. (16c) 


Referring to these relations, we study the character of function s(#) 
x E(R—«) for respective cases. 


Case 1. Iv this case the maximum appears only at the thickness of 2#,+2, 
=constant~l5cm Pb, and accounting for (16b) and (16c) we can 
conclude +jmax-+%2 must be equal to R. 


This condition is, of course, restricted by the functional form of H. 
As a simple example, we put 
then 
—— 1 (A-p) | 
phase ges tate) (14’) 


and for 4,+2%,<R 
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N(41)~ oP, (eH) — e441 ). (15c’) 
A—p 
This gives 
4 max = t (+) provided ! (+) <R-x, 
A-ppe Xp A—po ft 
tte, provided : u(*) => R—2p. 
aAstit aay 


Since %ymx=R—t» in(a/p)/(A—p) must be larger than KR. This means that 
the absorption of secondary particle is mainly due to the ionization, and that 
almost of them have the ranges about 15cm Pb. | 
Case 2. In this case, the maximum appears only at the position Jz 
=constant~15cm Pb. In the limiting case of 7,=©, we must take R=©o. 
Hence, W(z,) is always given by (loc). 
Differentiating it by 7, imax is given by the relation 


ppt s+) 4 Hl! (4,+42) 20. (17) 
H(%2) H (2) 

AS X;max does not depend on %, A(x) must be an exponential function as 
easily seen from (17). This leads to g(#) of exponential type, which means 
that the secondary particles responsible to the maximum have high’ energy. 

Summarizing these two results, we may conclude that the second maximum 
of NS consists of the overlap of two kinds of maxima, mainly due to the particles 
with definite range. This character of secondaries seems to be favourable to 
explain some features of the second maximum. 

(1) From the general consideration of the shower curve, it can be concluded 
that the decrease after maximum must be slower than that of the primaries. 
Only in our case, that the secondaries have a definite range, it is equal to that 
of the primaries. The experimental decrease is too steep to explain its behaviour 
by any other absorption law of the secondaries. 

(2) The second maximum appears at about the same thickness (in g/cm’) 
for various materials”. 

This seems to suggest that the absorption of the secondaries is mainly due 
to ionization, which results in a definite range. 


§5. Difficulties of our interpretation 


The above interpretation can explain varjous features of transition curve, but 
seems to contain some difficulties. 
1)* The frequency of showers produced by a single act is generally repre- 


ee eee 


* This defect was first pointed out by Dr. Y. Sekido. 
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stented by |e7*—e7~™*|, where 4 and # means the absorption coefficients of 
primaries and secondaries respectively. 

This function is convex for the small values of z, whereas the shape of the 
initial increase of NS is concave, as represented in Fig. 2 by dotted curve. If 
this experimental result be correct, NS must mainly consist of the showers 
produced by two or more times of collisions. Here one should note that the 
statistical error may not be small enough to discuss such a detailed point. 

2) The decrease after the maximum of NPS is much steeper than that 
expected from our presumption.** The experimental data, however, are not so 
accurate that this defect may also be due to the statistical error of the data. 

3) The assumption that the penetrating showers have two kinds of secondaries 
has already pointed out by Walker, but the range of shorter secondaries 
obtained by him is much shorter than that of ours: 


in our case R~15cm Pb, 


in his case ‘R—~ Icm Pb. 


Although the first maximum of NPS can also be explained by considering the 
detection probability of counters (3 and 4) making use of his result, the relation 
between this and the second maximum of NS becomes obscure. This also seems 
to mean that the detection probability ‘does not play an essential role in our 
case. If we adopt the momenta of primaries as larger than 2BeV/c, which is 
plausible as the lower limit from the absolute intensity, a shower contains two 
or more fast particles capable to penetrate through the 10cm lead”. Among 
these particles about a half may be protons which mainly undergo ionization loss. 
Our interpretation is, therefore, supposed to be not far from reality, and these 
considerations will be testified by the experiment varying the thickness of §),. 

The present authors express their hearty gratitude to Messrs. Kameda and 
Miura who kindly gave us their unpublished data and contributed to our work 
by valuable advices. 


**According to our presumption, it must be slower than that of primaries. 
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§ 1. Introduction 


In recent experiments with photographic emulsions, some direct evidences” 
were obtained for the multiple production of mesons by the impacts of very high 
energy nucleons. It seems to us that these phenomena concerning high energy 
nucleon-nucleon collisions may offer very interesting informations about the 
properties of mesons, so, in this paper, we shall treat this problem theoretically. 
Though there remain some ambiguities on account of the defects in the current 
field theory and of the strong interaction between nucleons and mesons, we shall 
treat this problem by perturbation method in the light of Tomonaga-Schwinger 
relativistic covariant theory. 

As the model for mesons, we assume the neutral (or symmetrical) scalar 
(or pseudoscalar) meson theory, and as the mode of the couplings between 
nucleons and mesons, we take the g-coupling which contains the derivatives of 
the meson field. The other type of coupling (/-coupling) has only small 
contributions to the multiple meson production, as is illustrated in Appendix 
for the case of neutral vector meson with vector coupling. Further we assume 
that the momentum transfer between nucleons in collision is performed through 
the nuclear potential which we take properly and not through the exchange of 
virtual mesons. Under these assumptions we discuss the multiplicity of mesons, 
the ratio of the numbers of neutral mesons to the total numbers of emitted 
mesons and other points. Our attempt is generally the same with the extensive 
theoretical study by American authors, but is amended: in the following two 
points. That is, here nucleons are treated relativistically throughout and the 
conservation of charge is taken into account. These two differences will become 
clear in the course of our calculation. 


§2. Formula for cross-section 


The fundamental wave equation for the system composed of nucleons and 
mesons is given by 


{e(2) + (2) +44 }¥Icl=0 (2.1) 
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where H(x) and V(x) are the interaction Hamiltonian density between the both 


field and the density of the potential between nucleons respectively. Then we 


make the following canonical transformation for the state vector: 


PIC]=TIC] OC], (2.2) 
with {e7(2) +44 |rIc]=0 (2.3) 


This is the relativistic generalization for the Bloch-Nordsieck’s canonical trans- 
formation,» and the wave equation for PLC] becomes 


{(v@))++—}9lC]=0, (24) 


where (V(2))=T~-V@) -7- (2.5) 


(V(#)) is the nuclear potential which is modified by the emissions and the 
absorptions of mesons and gives directly the transition matrices for the multiple 
meson production. As V(#) is made up by nucleon’s wave functions and its 
adjoint operators, so (V(z)) is made up by their transformation. Then, with 
this (V(#)), the total cross section for meson production can be written as follows : 


o— ELV) ) §-sae" (VY) 18) (2.6) 
(01/Ey) + (02/22) -B 
aan B=V(P- PY (PP) (2.7). 


Here (P,) or (P,) is the energy-momentum four vector (P,=i£) of the initial 
particles 1 or 2, and p, or , is the flux density of l or 2. (é|{V(%))§dz’( V(2’)) |) 
is the diagonal matrix-element of (V(#))fdz’{V(2’)) for the initial state. 


§ 3. Canonical transformation for the neutral meson field 


We shall examine the results of the canonical transformation (2.2) for the 
neutral meson field. ) 


(A) Neutral Scalar Meson 
The interaction Hamiltonian density between nucleons and mesons is given by 


H(x)=4_ Bx z)> d(x) 
(*) 1g PMT P(#) Pott (3.1) 


¢(%) and ¢(x) are the nucleon’s wave function and its adjoint function and ¢(2) 
is that of meson. g is the dimensionless coupling constant, # is the reciprocal 
compton wave length of the meson and 7,=—éPa, (i=1,2,3), 7,=8. 

After the canonical transformation ¢(x) and $(x) are transformed into 


#1002 (5) Pare fan) (2) o( 2), 


o \Ax, 


¥ 


* 
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x {S (@—*1)ruS (41-42) Tig’ Typ (Fn Fn) vf (Hn) be (3.2) 
and $a(#))= 3 (£) [ae an (2) (HF) -() 
x {P(4n)7u,5 (Fe tein. Te (%—*) fe. (3.3) 


To obtain (8.2) and (3.3), we used the commutation relations 


{Yo(2).Bp(2!) }=— San (2—2') » 
barat es (3.4) 
{ha(x), Po(2’) }={ a(x), Pp (x") | =O 


and symmetrized the integral in past and future by the following equation: 
{ : dx,S(2.—2,)= —| dx, 5 (4,—2,). (8.5) 


Further we disregarded the non-commutability of $(¥) because of neglecting the 
reaction of the meson field. 

In collision problems we are concerned only with free particles, so it is 
convenient to proceed with our discussion in momentum representation. P(x) 
and ¢({2) are composed of two parts, each of which corresponds to the positive 
or the negative frequency part, that is, the nucleon or the antinucleon. For the 
positive frequency part, the Fourier decompositions are 


AP 93 (pute d)explite tel» 


‘ fe i 
fe (+) =ssapr 2) 


= ApS pee. F 
RO=Teapw S| ERO Mov—tea! BH 


Pp 


where r(=1,2) is the index which indicate the direction of spin. ¢7() (or 
$2 (~)) is the annihilation (or creation) operator for the state of positive energy 


with a momentum p and a direction of spin 7. 
The commutation relations between them are 


gt (2), (7) |= 8, 8(P—P’), {bt (p), $h(0) |= GF (Pp) G4 (0) }=0. 3-7) 
The spinor wave function #.(#) and ii,(p) satisfy the following relation: 
i Usa ( pire (2) = Cru Pu— X)as - (3.8) 


In the same manner we decompose the meson field operator into Fourier 
amplitudes. Then we obtain 


: 1 dK (4x, —iK,: exp{zA,°%}). (3. 
= Teapm ia (6*(K exp| —iKu-xp} +6(KexptiX.-x0})- G9) 


$*(K) and $(K) are the creation and the annihilation operator of a meson with 
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momentum K respectively and the commutatioa relations between them are as 


follows: 


[$*(K),¢6(X)]= —¢,0(K—K’), . 
[6* (K), $*(K)]=[6(4), 6(K)]=0. (3.10) 
Now (3.2) can be written as 
© n+i n 4 F nn d. i 
wo- 3 srape) (4) BIZe on. [Ss*(x) 1) 


a(p } Bas***s K,) exp}i(p— K,—K,---—Ky-) } 


with the use of (3,6), (3.9) and the integral representation S(x), that is 


= L 1 iy:l—x 7a 3.12 
S(x) ae TF explily: zl - (3.12) 
In (3.11) U, is given by 
Ue b +E, ony Ke) =( EOP Ka Re) 2 ge UP Ka Bae, 
ee v (Gi eee pis (—K,— + -— Kyu)? +¥ 
ede K, EPA Ea) —* pe ag 
SE cag pes eT (#)). (3.13) 


We also obtain the similar expression for (¢i(+)), in which the conjugate 
spinor for U,, that is, U, appears. As is shown in Appendix these quantities 
satisfy the following relations : 


oo Ue( 2; Kays Ky) =u (P), (3.14) 
and BFP Kern Ke) = (182 (0) (3.15) 


where 3} means to take the sum of U, or U, which are obtained by the per- 
mutation of A,,Ko,:*+,K,. It is.to be noted that (3.14) and (3:15) hold without 
any approximation, and these are related to the divergence theorem for the 
scalar meson field. 


Next we corfsider the quadratic form in ¢(#) and $(x) as 
2* (x) ra* (2) (3.16) 


without specializing 74. Then after the canonical transformation we get 


POM O=E (Fear) (EE RI Ba wo [Perce 


* i [Ssse(x) Pay bo; Kays) Ky) expli( pp—K,— + —K,—p-x) } 
(3.17) 
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with 
I'4(2: Po aid Si oos K,) = 22) Uo (p } Dred Sen.) FA ON G2 3g Psy 1), (3.18) 


By (8.14) and (3.15) we can prove 


2D: Bos Kare, K)=> nCm(—1)*-"'2* (p) p48" (Pp) =0 , (3.19) 


where to take the sum of J obtained by permuting X,,--:, Ky corresponds to 
sum up the contributions from the processes which are different with each other 
ifthe order of emitting ~ mesons. Hence the nuclear potential is expressed by 
the product of two quadratic forms as (3.16), we can conclude from (3.19) that 
the meson production for neutral scalar mesons does not occur. (This circumstance 
is due to the divegence theorem). 

(B) Neutral Pseudoscalar Meson 

The interaction Hamiltonian density is 


P/O Reuse Tena reg ead eane (3.20) 
Po Oxy, 


In this case ($*(%)) and (¢*(%)74$*(4)) has the same expression as (3.11) 
and (3.17) respectively, but with different VU, and U,. These are 


Ga ef ti De Keer Kick | iy of, Ginn Ki, ty) Se 
Ua(P s Ka,  K,) =( CEE TALES sit Kn (= Ki Ske i 
=5 a KEP) = ne yt 3.21 

Xt Ke G_Kyae Tt Kyu ()), (3.21) 


and the corresponding equation for ‘Lip 

When the incident or the final energy of the nucleon is much larger than 
both the nucleon mass x and the energy of mesons emitted by that nucleon, we 
can obtain approximately the corresponding relations for (3.14) and (3.15) 
namely 


SY! Ue( 2; Kayes Ki) = (7s"e* (2) os (3.22) 
3) Op; Kus) Ks) = (@* (P) 70") (3.23) 


These derivation will be given in Appendix. 
Thus from (3.22) and (3.23), it follows that 


be L4(2; Do ; Kyrs K,) = 4 AG u* (p)is ~My a s"e* (po) 
perm. m=0 


F {* ut (2) 75" at ( Po) fot 7a commuting with 75, (3.24) 


0 for 74 anticommuting with 7;, 
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(3.24) shows that only these potentials which have 74 commuting with 7, contribute 


to the cross section of meson production.* 


§4, Canonical transformation for the symmetrical meson field 


In the symmetrical meson theory positive, ‘negative and neutral mesons may 
be emitted, but by the charge conservation law the order of emissions of these 
different kinds of mesons cannot be changed arbitrary. So the results of the 
canonical transformation (2.2) become complicated. To calculate the transformed 
quantities we shall make some approximation. 

(A) Symmetrical Scalar Meson Theory 

The interaction Hamiltonian density is 


Pie Zz 
H(2)=£-$(2) ea (Zt (4.1) 
bo OX, 
with 
_/01 he (03 27160 
n=(to)) ==(00)>  ==(0-1)- ax 


g'(z) ane $°(#) are the wave functions of charged mesons and ¢*(2) is that of 
neutral mesons. t;* is the isotopic spin operator and the eigenstate +,=1 or 
t;=—1 corresponds to the proton or the neutron state. The nucleonic wave 
function modified by the canonical transformation (2.2) becomes for the positive 
frequency part 


($3) = p ( S22 ae Js ( Bhs rae (ol aa (Ki) 


x (74) n (Ts) nt (Ta) 1° Tap « Kay **s XK) exp { p—K,—--—K,-2} (4.3) 
with the same U, as (3.13). 


. Because of the non-commutability of r,’s between themselves, we cannot 
obtain such simple relations as (3.15), so we make the following assumptions 


Uli} Kw, K = us (p) , 
2. 


i j (4.4) 
U.(p ; Kass K) =— Va (9) : 


* This result is different from the result obtained by the American authors, because they did not 
treat the negative virtual states of nucleon correctly. 


**The creation (annihilation) operator of a positive (negative) meson A is ¢+(K)=(¢'(4) 


I (AD)IV 2, $-(K)= (GK) +ig*(K)) MB, and the ch 
: t 
(neutron) into a neutron (proton) is Mv ; ange operatet wae ee 


~=(88), =(98): 
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As is easily understood from (3.14) and (3.15), these relations hold exactly if x 
mesons are emitted with the same energy-momentum four vectors or will be a 
good approximation if the energy of emitted meson is not much larger than its 
rest mass. And in any cases, the permutation of the energy-momentum four 
vectors between mesons which have the same charges, and the integration with 
respect to the meson momentum in the last step make the deviation from this 
approximation smaller.* With these assumptions UV, and U , become independent 
of the order of K,(é=1, 2,---, 7) and our next task is to calculate the sum of 
these products (t;)n(7;)n-1°*:(ts)1 Which are obtained by the permutation of them 
and are compatible with the charge conservation law. 

Consider s mesons of which / are neutral, # positive and 2 negative and 
calculate Azmn. Which is defined by 


Bd esr Bi) OE (oy etre) (4.5) 
perm. 


3! means to take the sum of the products of these s isotopic spin operators 
which are obtained by the permutation of them, and here we do not distinguish 


same isotopic spin operators among themselves. The values of Ajmn, are shown 


in Table I. 
: Table I. Values of 47,m,n 
as 


_ VO m+n Ce Prey. 
m=n ¢ ) [5] 3 
man (WE) ps211Cn te 

2} 
mont EIN fet\On 


5 for even s, 0 for evens, 


1 ey oe 
= for odd s , 2-5 s—1¢m for odd s. 


where [=]- 
os 

ne a ae hail 

Next we take up the process in which one of the colliding nucleons emits 
Z neutral, m positive, and » negative mesons.** Some of these s (=/+m+n) 
mesons are emitted before the scattering of the nucleon'by the nuclear potential 
and others are emitted after the scattering. If it produces s, (2, neutral, mm, 
positive and m, negative) mesons before the scattering ands» (4 neutral, #2, 
positive and 2, negative) mesons after the scattering, VU, and U, are proportional 
to 1/s,! and (—1)s,/s! respectively. Corresponding to this we mus obtain the 


following quantity : 
eesti er 
valuated on the assumption (4.4) is very extensive 


*The deviation of the matrix element which is € ; 
e nucleon which emits them and €/u=L£/x. But 


when mesons propagate in the same direction with th 


the contributions from these regions are order of «2/#? and may be neglected. 


**We say one meson is emitted by one of the colliding nucleons if the meson line of that meson 
man’s diagram. 


is connected with the propagation line of the nucleon in Dyson-Feyn 


964 H. Fuxupa and G. TAKEDA 


{De 12 (tr; io mar er or mr ae) (4.6) 
t ae T2 £At3 e+ . 
Bim (Ta) = is Sse awe 
\ 
Here we assume that the nuclear potential is the product of the quadratic forms | 
in ¢ and ¢, of which the one concerned with the nucleon now considered has | 
the isotopic spin dependence represented by 74. We list the value of Bim». (ta) | 
Table 146 Values of Brg- ge eta) 
2 ————— 
Bi, m,nl(V 2 m** 


for t4=1,7,,t- or 7, in Table II. 


TA 
1 . 
Ts 2 Ga: Cm=1 134 (m, m) fet le m) 7 (—1) *t+A(m, m+1) | , 
{3-7} ; 
T+ = [ 1) [es] CmtsA(m+I, Ay a, Soe ti ONE 
=f) Cs A A(m,m) 

+(—1) irs ] a i= 1] Om jee ], 

oe |= = Cmt3A(m, m+1)— , {$- aqponetes (#—1, m+1) 


+f 


ig) aoe 


(B) Symmetrical Pseudoscalar Meson 


For the symmetrical pseudoscalar meson theory the interaction Hamiltonian 
density is 


THT nf (X) oi (4.7) 


and, as in the case (A), we assume 


U.(p ; Kays K) == (rut (p) )e ’ 


Gils Chon Re) == (at Dreye- (4.8) 


If 74 represents the spin dependence of the nuclear potential anticommuting with 
7» we can use Table II also. But if 7, commutes with 7s, it becomes necessary 
to calculate the following expression instead of (4.6) : 


Bin aca) a 


CP eee Pass Phe oes ga) (4.9) 


Die 


The results are given in Table III. 
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Table Ii ‘Values of 277) 4,,n(vtA) 


B! i,m, n(ta)/(V 2 )m+n 


Qs 
ae [ s Cm 738 A(m, m) + ; 54) Cm{t—-A(m+1, m) +1+A(m, m+)) } 
st U3] eet ' 
Qs 
T3 Sales Cint38 t1A (me, mt) + as Peay m) -+t+A(m, m+1) 3 
9s—1 
T+ es Les] Cm t3°*! A(we-+-1, 72) + Lee ee m—1)+7+A(m, my] 
cos , 
Qs-1 
Ce: eet fea! Cm 732+)! A(m, m+1)+ F Cm—{t—-A(m, m) +t4A(m—1, m+1)} 
S6 [S] {5-1} ’ 


A(m,n) means that the term is connected to the emission of # positive mesons and negative mesons. 


§5. Transformed nuclear potential 


Using the results of §3 and §4 we discuss that part of the transformed 
nuclear potential which is responsible for the transition of two nucleons from fy, 
g to ~, g with the emission of Z neutral, M positive and MV negative mesons. 
As these: mesons are to be emitted by either the one or the other of the two 
colliding nucleons, we must take account all possibilities dividing them into two 
groups according to their belonging nucleons.* For this purpose we compute 


the following summations : 


7 


EM ey 
em Q\|Kri,.w Ta; Ta) Por 9) = Dm es) = (AlraPim,n (ta) \Po) (glraB mn (Tar) |9) 
io (5.1) 


for the scalar theory, 


; (p, Q\ Ki Mew Ta; Ta) |Pos 9) = pe >a Divtalime (ta) |Po) Chroae Noel at (tar) |9o) 
7 (5.2) 


for the symmetrical pseudoscalar theory and the nuclear potential with 7, com- 


muting with 7;, and 


(, g\ Kin (t45 Ya) \Pos qo) = pm 2 x (p\7s74P umn (t4) |Po) (9 1s) FAP imal (ta) \90) 


(5.3) 


the nuclear potential with 74 anti- 


Lens 


for the symmetrical pseudoscalar theory and 
commuting with 7; Here (4+V=L, m+m'=M and nen =N, and (0/74Bimn(ta) 


/bo) = (u* (p)74F,.. n(Ta) 2 (fo)) etc. 


VE Oe 


* Different divisions results in the different momentum transfers between nucleons, but this will be 
neglected when the energy loss of nucleons in the collision is smaller than their incident energies in the 


center of the gravity system. 
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As for the neutral theories, we want confine ourselves to say that only the 
neutral pseudoscalar theory and the nuclear potential with 7, Come bee Tc 
can give large contributions to the multiple meson production and = this case 
the multiplicity, the average angular spread and other properties of emitted meson 
are atmost the same as those in the previous authors. 

Hereafter we fix the form of the nuclear potential as follows: 


VeyaFY{ 3 Peer) | ded, 2-2) FO) re) 


+9 Pra) [de'd, 2-2) F2 Yrra 2}, (5.4) 


where 7, and 7, are left unfixed. This potential is the mixture of the sym- 
metrical and the neutral one with the mixing ratio 7, and 4,, with mass para- 
meter /4 represents the 1/r dependence of the potential, but this choice of 
v-dendence will be no limitation for the following discussions. 

Then we must calculate for this potential the similar quantities as (9-1), 
(5.2) and (5.3) employing Table II and III, and the results become as follows: 
For the scalar meson theory 


38 
(2, g\ pa Kun Ts; 4) |Por9o) =0 


and (A, 9|Ki,u.w CA 5 74) |Por%) = 0. (9.5) 
For the pseudoscalar case the results are shown in Table IV and V corresponding 
to (9.2) and (5.3) respectively. : 

As is seen from (5.5), Table IV and V, only the case of symmetrical 


pseudoscalar meson theory is interesting for us and will be treated in detail in 
the following sections. 


Table IV. Values of (4, ¢| b> PE (t¢3 7a) ty (13 ra)\ fo 90) /VY 2 af+™ 


SS 
M=N 
Be-1 
ara {Ups Cu(P| rats| Po) (9 | 14 T5*ts*-" | g9) * gyrus! 14 15 |f0) (¢| ra T5*~ 45% | g0) 


+2. fiat Cult) rats |fo)(¢l tat | 20) | 


tal paycm (2] 1/40) (9 | Tm 5883! | 90) + [sgt] CeCe | ra 15!t9 | 20) (2) re 15*~1r5°? | 90) 


on CaP lt Ys t+ | 20) (7| 12 5 tT (90) ]+< 4.9520 a} 


’ 


_————$ 
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M=N+1, Min.(N)=M. 


Rs 
Tes] Cyr {2 lta rstts®*?| 40) (9 [ra tt | 90) +9(4l 7B 5°~'t3° |Ao) (7 | 12 75 TF | 70) 


s! 
+{2,9 Lo 2 | 
M=N + 2, Min.(,NV)=iM 


s—l 
Sat | fea (2 rats | fo) (9) rate | Go) +02 | rz t5t 120) (9) TH 15 t+ |Z0) 


+{ 259520 2) | 


«2,932 99> is the expression which is obtained from the previous one by interchanging # with g and 
fo with gp simultaneously. 


OLD Ee ET A er ree 


3 a 
Table V. Values of (4,¢| >) Ki) yWre 57 A) | £090) /V 2 (M+) 


Se 
M=N | 
ges—1 


s! 


Frater {pla volo) (gl 1a 8] 90)— (Alta 180 £0) (114 163120] 
#2 {90 poo Cu} {Cel ra rote [40 (alta e+ lad —Col a tot-te— 1A) * 


x (9) TA Tst+ io) +2175 L0 a») | 
M=N +1, Min. NV) =M/ 


PL 
ar es Cx’ {ce lta 15° ts (fo) (7 | ra Tt | 90) — (| 74 15°t8 | £0) x 
2 


x (g| ra T+] 70) } +{ 2, 752m a») | 


M=N+2, Min.(M, V)=M 
Qs-1 


s! 


ieee out {(2ht4 rata |e) (9 | v4 Tots | 00) —(2| a Fa (40) (9) tats |20)} 


+¢ 257520» > | ; 
For the neutral nuclear potential 


(4,¢| Kw (13 rz) | Zo, 70) =9- 


the multiple meson production and the ratio of 


§6. The cross-section for 
neutral mesons to the total numbers 


the numbers of 


obtained in §5 into the formula (2.6), the total 


Now substituting (/(*)) 
n which Z neutral, M positive and JV negative 


cross section for the process, i 
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mesons are produced and thereby the colliding two nucleons are scattered from 


por Go to ~, g becomes as follows : 


a. Ae3 eg ; (Gar Cain i \S| oa Ke +9—h—m) 


t=1 €, 


1 2 
q , Ky N o» 70 rare ee , 3 Po 9) — (P19) — Lo» Yo) | 
xF4(2, | Kran |B 9) 55 Poh (29 ee 


where (f, 9) or (fo) 90) is the expressions which is obtained from the previous 
one by interchanging ~ with g or ~ with g respectively, and (, g|Kx,m,x| Por Jo) 
is the abbreviation for (5.2) or (5.3). Hereafter we proceed with our discussion 
in the center of gravity system.* When the incidert energy of the nucleon 
which is the same for the two nucleons in this system is much larger than the 
energy loss by the emission of mesons, the energy momentum conservation is 
approximately satisfied only by the two nucleons. For this reason the total cross 
section (6.1) can be interpreted as the product of two factors, of which the 
one comes from the scattering of two free nucleons without producing mesons 
and the other is due to the emission of mesons on account of the difference of 
the nucleon’s eigen fields before and after the scattering. So, at first, we perform 
the integration in the meson’s momentum space, taking into account only the 
limitation that the total energy of mesons should be equal or smaller than the 
some fixed value €. About the value we shall make some discussion later. Then 


ak, gull e. 
rd 1 (= ated Fe? ths & dé ae Ayaid Es \. ot (ée: 


(> Le,) 


~(4n)' Pe dte fe adeie f aie ate (62)"* | 


Next we calculate the cross section of the nuclear scattering given by 


2x 
; race) {Pi Bete —Po—9)| (A, 91" | Po 90) |? (6.3) 


a= 


where 


*Only in this system our approximations for U, and U4 can be justified. 
**This simple calculation gives the same result as that of the more detailed calculation of Lewis, 
Oppenheimer and Wouthuysen. We can also prove the following inequality : 


Gre)? | § dK. (4n(e—su)?)8 
(2s)! if j €; ? (2s) ! 
(¢ 2 See) 


and the exact value is nearer to the upper limit in case of € > 3sjp. 


ASRS 
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(4, 41M 10 9) =| (Plearel 4) aleal 9) ee 


+(p, 7 320%) — (p Q)— (Po a) | (6.4) 


for the transformed potentials which appear in Table IV ard V. Finally we must 
take the sum of (6.1) for different divisions of s mesons into Z, MZ, NV mesons 
in order to obtain the total cross section for creating s mesons without regard 


to their charged. The results are given in Table VI, VII with the ratio of 
neutral mesons. 


Table VI. Values of o, and & for the potential y4=75 (or 1) 
ee ee 


; Case I. s=odd 
initial final 


nucleons nucleons Os R 
35+2 
Di(myn) p,p(%%) SAS ve +7)2(8+44) =e 
2 35+2 
An An es (1-9) "24 Se 
AMA”) 22( 42) | Pp s-1 
n,n(p,n) 2p, n(7, 2) 5s 
Lp(%, 2) 2, n(pP) ) == 
Ly lay sas _ bo? Bay er 
EiGays eal sone raed rca ae) 
Case IL seven 
initial final R 
nucleons nucleons 
3s+4 ‘ 
Pp) fp, p(n) Es ). ao (45 tthe be )3 
{5 ees 15s ~)}2 B | 
385+1 
DL n) 12) n(2,fp) é, 2(s+1) (s+3) [4427 B+3z7] 7; 
n,n(p,n) p,n(n, n) 1 _ 
1 3 S=: 
Lp(2,n) n,n 2,7) €; Set Gr) [4+27B8 +377] 1s 
11 # 85+4 
pin pn SORA : ir sas) te Lbs 


a 2 2-4 ) a 
4p? 
8x4 ines 1 5 al ee log i 
LLL RI Po moa A Od L ( ), 


Qy2 4p? At mst x2 (x2+f") 1 (%)-1. 
C=1+ — log be wee ’ /DE = 7) 77 og Ho” 


Cte 
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Here £ and # is the energy and the magnitude of momentum for the nucleon 
in the center of gravity system, and we neglect the terms of order @,"/x° and 
pe /f. For the processes pp > pp and ~, 7 — p,m in case II, R’s are very much 
complicated, and the approximate values for £ => 10x are given in table VIII. 
In case IJ, (F) and (Fy) are the coupling constants of symmetrical (or neutral) 
and neutral (or symmetrical) potential with 74=72=7; (or 1) respectively. 


Table VII. Values of a, and F for the potential y4=7p (or rs7p) 


initial final 
nucleons nucleons Os R 
Dt(t%yn) fp, p(% 2) odd 0 aad 
2(s+1) (25+1) (2s—1) (s—2) 
even 16é, ees pee 4 a oe (3:4. 
Dif(mn) 2, n(p,2) odd 0 — 
cen 16¢ ACEDGED = 
s 
DPA) pp n(ArA) (s+2) a 
nn(f,n)  p, n(, 2) — a or Bs 
even 16g, CTV GTS) y 3s+1 
15s 7s 
ptt pt odd 162,49) y “se 
(s+1) (9s +2) 15s+18s+4 
ev 16¢,—-—_—————_— Pre Hn i! 
se : 15s ™ 7s(9s+2) 
1 xt) G24 24%) (222°) 42\ 1 
in wa 227+ 3) 44) ol 
F re 2p" me (Sete: 
Et 849% apt) 1 - 
pea Ee i a 
ie [te ap og (4) +5], aa ag and Xa YeZ. 


—_ AW g OO ——————————— 


§ 7. Discussions 


Here we compare the total cross sections for the four different types of 
mesons which we adopted. 
(A) Neutral scalar meson theory 
The cross section vanishes identically. 
(B) Neutral pseudoscalar meson theory 
The results are the same with those by the previous authors, except that 


only the nuclear potentials which h : . 
ave 74 commuting with ;, c ibute 
meson production. 2 s 7s Contribute to the | 


(C) Symmetrical scalar meson theory | 
As in the case (A) the cross section vanishes exactly if our assumption 
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_ (44) holds, but the deviation from it gives a small cross section. 
(D) Symmetrical pseudoscalar meson theory 
Because this case has the much larger cross section for multiple meson. 
production compared with other cases, we discuss further in detail the multiplicity 
of mesons, the neutral mesoa ratio and some other points. 
(1) The multiplicity of mesons 
The relation between the total cross section for the multiple meson production 
and the total number of mesons emitted is given by 


a, &,:s. Gish) 


From (8.1), the average number of mesons s and the half breadth 0 .of the 
_ g,—s distribution curve when the maximum energy loss € is fixed become as 


follows: 
2/3 
5~ — (7.2) 
T fly 
and I~ “a2: (7.3) 
% 


The o,—s distribution curve for different values € are shown in Fig. 1. €, the 
maximum energy loss, is to be deteimined by considering the reaction of the 
meson field and the applicability of our assumption that the energy loss should 
be smaller than the incident energy. Without detailed consideration, we assume 


that € is proportional to the initial energy £, that is, 
e=2-7-E (7) 


ed Caen 


—" 


Then to obtain S=4, 


and 7, the proportional constant, is approximately 1/3. 
gravity system becomes 


the incident energy E of the each nucleon in the center of 
E ~ 6-Bev. for ff =1, 


or E ~ 3-Bev. for fi=—4. 


(2) The ratio of neutral mesons 
The ratio of neutral mesons is showa in Table VI, .and VII, but is very 


complicated for the case of s= even and 74=7, or 1. So here we give the 
VIII for E> 10x. Thus & changes according 


leons before and after the scattering, the 
the nuclear potential which is 
hich is expected when a high 


i ER NRE, Boe et 


approximate value of them in Table 
to the charge states of the two nuc 
total number of mesons (odd or even) and also 


assumed. So, for example, to obtain average Rw 
ucleus having equal numbers of protons and. 


rt various charged states of the nucleons before 
VI and VII, it follows approximately 


energy proton collides with a n 
neutrons, we must average R fo 
and after the collision. Then by use of Table 
R~ 1/3. 
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(3) Comparison of the total cross section for various processes 
In case of y,(or 1), the cross section in which odd numbers of mesons are - 
emitted is smaller than that for even number of mesons in low energy collisions 
(E< 5x). But in high energy collisions (2 > 10x), some odd meson processes 
are as probable as that of even and this is shown in graph 2. In other cases, 
that is 74=7, (or 7s%y), the cross section for odd number of mesons is the 
same for even numbers. 

The energy dependence of cross section is not reliable on account of our 
neglection of damping effects. But it is to be noted that in the former case the 
part of the cross section corresponding to the nuclear scattering without meson 
production part has the energy dependence 1/£*, whereas in the latter case it 
becomes independent of the incident energy which is sufficiently large. 

(4) The angular distribution of mesons and nucleons 

The angular distribution of mesons are almost spherically symmetric in the 
center of gravity system. But the distribution of final nucleons depends on the 
potential type, i.e., for 74=7; (or 1) it is almost spherically symmetric and for 
Ya=7n (Ot F7,) it has sharp maximum for forward and backward directions. 
(The average angle of deflection 0 ~ 4/2.) 


Concluding remarks 


Our results have some ambiguities not only from the poor knowledge about 
meson type, nuclear potential responsible for high energy collisions, but also from 
Fig. 1. The ¢,—s distribution curve for different neglecting the damping and reactive 
values of € (f2~ 2) corrections. The following points, 


however, may be considered as pro- 
per conclusions of our calculations. 
1) Scalar meson may not be the 
mesons which are emitted multiply 
in high energy collisions of nucleons. 
2) It seems that pseudoscalar mesons 
with pseudovector couplings are re- 
sponsible for the high multiplicity 
of meson production. 
3) The experimental indication for 
forwaids angular distribution of final | 
nucleons® make probable the exist- | 
ence of vector type nuclear force. 
We should express our gratitude 
to Mr. S. Hayakawa and Mr. Y. 
Fujimoto for their helpful discussions. 


Absolute values have no meaning, considering 
the damping effects. 


pyre 
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Table VIII. Approximate values of the neutral meson ratio ® 
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(EB > 10x(s>1)) 


ta (Fr rz) s ie Dip—b Ps Pp 
1 or 5 odd 3/5 
symmetrical theory 
’ (neutral) a7 
~5(1) even 
neutral theory 
(symmetrical) ae 
Te. OF T5Te odd — 
even 1/7 


nu— p,n; Lp—p, 25 Dip; No 
3/5 15 as 
5/11 3/T 1/7 
19/45 3/7 1/7 
3/5 1/5 = 
17 3/7 25/63 


Fig. 2. Energy dependence of £2¢,(£)/&,-s for various 
The scale of ordinate is arbitrary. 
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Appendix 


I. Calculation of 3} U.(p; K,,-::,) and 
(A) Scalar Meson: 


13 1b urs 19x 


Ss) U.(p 5 Ky"; K,) 


For this case Us(~;4-*:, Ki) is given by the Eq. (3.13). By using the 


relations ~°+2°=0 and (typ +x)u* (p) =0, 


974 H. Fuxupa ard G. TAKEDA 


UGE pha ae + ~2(p-K;) + Ki—i7K (7p +2) 4+ a 
eee iy Ki, ut (~)) = =( ~9(pK) +K2 (?)): ae 


fuither 
ir P= Ks Kye gt 2 pK) +7: Kit Ker Ke— HT KATP+® y+ (4) 
eee K, Seas me (0) =( —2(p-K,+ Ky) + (K+ K): ), 
_(—2(~A) + 7: -K+K,)7-Ke u*( (A.2) 
sits 2(p-K,+K,) + (K+ *)° D),- 
Adding the expression which is obtained from (A.2) interchanging A, with ,, 


we have just wy(P). In the same way we finally obtain 


pa O. (p ; Figs"? XK) = us (p) (A.3) 


perm 


and the corresponding relation 
a OU 6(P; Kas, K,) = (—1)" 45 CP) (A-4) 


(B) Pseudoscalar Meson 
Bringing together 7; matiices, Eq. (3.22) becomes as follows : 
Ups Kegess, Ke) al 0 PHB Ko H(t ge, 
(A; Vee Ge Gee iy: 
Gp KK) —* ge ti PK) 4% iy yt AS 
oe TE Ge ye a 
When |p| > x and |p| > |K,| @=1, 2,---, 2). 
S18 Sed) Lae ee — (20K, — Ki +7 K (-p—2) 1+ 
(Te) a ee 
2( pK) —KY—xirK, 
me ~+uz(p). A.6 
—(—2(pK) +E) (p)~+u2 (A) (A.6) 
Similarly we can prove 
i(y+p—K,—++-—K,) + (—1)"z . te at ot ) (PR) 
(p— 4, — K) 2 +2 Fe (2) (p) K+ +++ Ay) 


so in this assumption 


u*(p) (A.7) 


(K++ Ky) (Pe Kite + Kn) (pK) 
By the use of following mathematical relation: 


1 1 
> ae ; i Sul 
perm Ay (Ay+ Gy) ++ (y+ dats +A_) — Ayg***Oy 


tle(P § Kays Ky) ~ ——te PAS) __ (PKs) __ CT) 05). CY 


(A.9) 


we have 


ee eee NS Het 


Ku a)= 
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Cap 5 Ta; K,)=(73'4* (p)). (A.10) 


perm 


and 


oa Up } Kas, K,) = CY Pe (A.11) 


perm 
Ii. Multiple meson production in the neutral vector meson theory 


Here we consider the neutral vector meson theory with vector (7) coupling. 
Then the process of multiple meson production is analogous to that of photo- 
bremsstrahlung and gives cross sections much smallar than those in g-coupling. 
The fundamental wave equation is given by 


Hx) =tf $4) rf (4) Gn) (A.13) 
and V(x) is the density. of the nuclear potential. é,(*) is the wave function of 
the neutral vector mesons and its Fourier decomposition is 


ea 3 223 \ s v7(K) (by (K)exp{ —iK- x} +4,(K)exp{ik++}) 


0 — 
ral #LC|=0 (A.12) 


where 


(A.14) 
v,(K) is the polarization vector of a vector meson X and satisfies the following 
relation : 
wet’. K, 
Ss wi(KwA(*) HB tt, (A.15) 
3 0 
After the canonical transformation (2.2), we get 
i if wai n |? at (a f 
h = = aes as ELS) 
(P(x) ta (4) ) = PEA (Qn ny 2B 2 2 EZ, GF (PD) ae (Po) 
x > Il (= ox LCP; Po ) Pandas, K,)exp{i(py—-Ki— ++" —Kn— 0° *) i. (A.16) 
Pi €; P 


This corresponds to Eq. (3.17) and for E,, > *,|KK,| [4 satisfies approximately 


at. A : ot ag = at yt A.17 
1 ig Ki Il (x* (p) rae" (Po))- (ALT) 
Then in the expression for the modified nuclear potential (V(#)) we have 


summation as follows: 


aS eB, ST AA fon my" "9 WAGE Gg ts Ka, A) 
m perm 

(Cpa) or ¥)_ (2:9) _ (79 Vogl lp) (gira) (A.18) 
tie ra one (go' Ki) (p-K,) (9° -K;) ) 
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(A.18) shows that the difference of the nucleon’s eigen fields before and after 
the collision is emitted and the cross section for multiple meson production can 
be expressed as a product of two independent processes, that is, the nuclear 
scattering between the nucleons and the shaking off their eigen field. When s 
neutral mesons are produced, 


ace (Se (CA + ty ee) ee) eae 


i=1 


Where the summation about the polarizations of mesons is already carried out. 
After integrating over the momentum space, we obtain 


eee =(£ log (VE +? aot) +9 sing ): (A.20) 


7 is the average momentum per one meson and @ is the angle of deflection of | 
nucleons in the center of gravity system. From (A. 20) the average numer of 


s when g is given becomes, 


s~ | Foo (VE+F sin?Z ree 8) 
4 [z ge (ete Sess ) (A321) 


which is much smaller than the cases of g-coupling. 


| 
: 
| 
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Recently, it has been reported* that the z~-meson absorbed in the hydrogen 
gas produces high energy 7-rays, the spectrum of which has such a form as 
indicated in Fig. I.** 

This phenomenon is interpreted to be an 
elementary process in which a %~-meson is 
absorbed by a hydrogen nucleus, accompanied 
with the photon emission. In fact, the Brems- 
strahlung of the z~meson is hardly effective 
because of its low kinetic energy. The 7- 
rays associated with the ordinary 7-4 decay 

60 MeV 130MeV_ contribute only to the magnitude of e°/he (= 
Fig. I 1/137), and its energy amounts at most to 
the difference of the rest energies of the z-and p#-meson, that is, 30 Mev. 

As seen from Fig I, the spectrum at 130 Mev indicates that one photon, 
getting almost all the rest energy of a 27-meson, is emitted. On the other hand, 
a band near 60 Mev suggests that the rest energy of a z~-meson is divided into 
two photons. The former process is, probably, interpreted to be 

am +p—>N+y7. 


The latter corresponds to 
156 +poN+ 27, 
m+ p>N+ WN + 2y. 


Accepting such a interpretation, we can get various informations about the 7-meson. 
In this paper, we shall report a theoretical analysis for the 7-meson of scalar (or 
pseudoscalar) type. 


§1. Caleulations 


As the life time that the 7~-meson with ordinary kinetic energy (~10 Mev), 


* Letters from Prof. H. Yukawa to Prof. S. Sakata and Dr. Panofsky to Dr. M. Taketani. 
** Letter from Prof. H. Yukawa to Mr. S. Hayakawa. We have obtained this information after 
our preliminary report at Annual Meeting held on April 2, 1950, at Tokyo. | 
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passing through the high pressure hydrogen gas, slows down and is captured into 
the K-orbit of the hydrogen atom, is considerably short compared with the life 
time of the ordinary decay”, we may consider only the probability that a 7~-meson 
in the K-orbit is absorbed by a proton. The processes to be calculated are as 
follows : 
i) A 2--meson is absorbed by a proton, accompanied with one photon emi- 
ssion, 
ii) A 27-meson is absorbed by a proton, accompanied with two photons emis- 
sion, 


and 
iii) A 27-meson is absorbed by a proton, accompanied with a neutral meson, a 


The process iii), if it could occur, demands that the mass of z°-meson is less 
than that of 2~-meson at least by the mass difference of proton and neutron. 

z-and 7°-meson are assumed to be scalar or pseudoscalar-meson, the coupl- 
ing with the nucleon being taken as to be of scalar-type or ps.-type. The ano- 
malous magnetic moment of the nucleon are included phenomenologically in the 
interaction. A part of the result of these calculations has already been reported 
by Marshak and Wightman”. We have checked their results and performed more 
detailed analysis. Though the calculation is similar to theirs, our results obtained 
are slightly different.* We take the initial state of z~-meson as to be bound in 
K-orbit. The effect of binding, however, is so small that it hides in the approxima- 
tions which are taken in the calculations below. Some notes and the results of 
the calculations are presented. 

i) The probability (denoted by W,) that a z~-meson in A-orbit is captured 
by emitting one photon, is given by 


W,,(scalar) =saf'e(—-) M 2 y id ra y (Py—P'e)?, 


P=p(1l—p/2M), (1) 
or 


+ 3 
W,,. (pseudoscalar) =82 ret) (—). Ne(1+ 2/2M)*, A4=c=1, 


where (4/1)? is neglected as compared with 1, # and M are the mass of 27- 
meson and nucleon respectively. / is the coupling constant between 77-meson and 
nucleon. I’p-and J’y are magnetic moment of proton and neutron measured in 
nuclear magneton. JV is the density of 27-meson at the place of nucleon. Noting 
that 7~-meson is in K-orbit, V=e'*/z. These results are coincident with Marshak- 
Wightman’s if we neglect the terms of order (4/M). In this process, the emit- 
ted photon has a sharp maximum at #(1—p/247) in the energy spectrum, the 


breadth of which is some one Mev. Assuming # to be 278 election mass, aes 
—p/2M) becomes about 130 Mev. 


* Some mistakes seem to be found in their paper. 
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ii) As the probability (denoted by W,,) that a 7~-meson is captured by emit- 
ting two photons is expected to be small as compared with W,,, we perform rough 
approximation in which (4/17) is neglected with unity and get, 


3 es 
We, (scalar) = fe) N-p(6, €), 
e L 
or (2) 
37 3 —— 
W,,( pseudoscalar) ==/ (|) Ee N- ft: (€1, €2) 


where @,,€, indicate the polarization vectors of the emitted photons. From (2), 
we can see that two photons polarized perpendicularly to each other, cannot be 


emitted. ( )? means that the value is replaced by its mean value integrated over 
the angle, so that we can take (€,,€,)~1. Energy spectrum of the y-rays has 
such a form as, 

(1—[1—24/zP)dé/p, (scalar), 
or : 

(1—[1—24/p})dk/p. (pseudoscalar) . 


iii) The probability (denoted by IV ™), for one z°-meson emission, becomes, 
neglecting the correction of the magnitude (u/M)? and (p/M)(U—bo/#) 
compared with unity, 

3 1 r 
Wr =4nph 2 £ : 
; pe M+ p (4eM?— 1’) 
P= 42M nM — pf)", 
PHAM QP MF + (4M — pe) SE —4P pM — ve) 2P MF 
+ (4M? — po") Sf}, (3) 


r= a (ApM? + 2p2M— pp’) 7 pM Afy?, 


pe pein HY” (nef —2pMaAf)*, 


j= VUpSa OSM, A=) fade the) 


where i=1,2,3 and 4 correspond to the processes /.S. t—>p.s. 1, $.1—>s.1, P.s.0—> 
st and 5.t—>p.s.7 and pf is the mass of m-meson. 4M denotes the mass dif- 
ference of proton and neutron. fy and fe are the coupling constants of 2°-meson 
with neutron and proton respectively. 4f corresponds to the case in which the 
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interaction between z°-meson and nucleon is proportional to the isotopic spin 
operator t, and fF to the case in which r, is replaced by unity. # is the momentum 
of the emitted 7°-meson. 


§2. The spectrum of ;-rays produced by a neutral meson decay 


The neutral meson is emitted with the isotropic distribution from a hydrogen 
nucleus. The momentum and the energy of the neutral meson are denoted by 
% and &, respectively. If the neutral meson is of scalar or pseudoscalar type, it 

ke decays into two photons, the spectrum of which has 
some breadth due to Doppler effect. In this section, 
we shall determine its spectrum. In Fig. II, let z- 
axis denote the direction of the apparatus. A neu- 
tral meson emitted with the angle @ to z-axis decays 


into two photons, one of which propagates along ~ 
Fig. I a-axis. Let k’,, k’, and k,, K, be the momentum 


of the two photons in the rest system of z°-meson and in the laboratory system 
respectively. Then we obtain 


(1-8 cos #)4/YI—-F=/2, B=3/Ey- (4) 
_ The spectrum of the y-ray, in the rest-system of z*-meson, has such a form as 
0 (14)/2—2#,)dk,'d2'/4x. Transforming it into the laboratory system, we get 


8 (Mh) /2— oe ky) V1—~®/(1—8 cos 0) dk,dQ/4z 


Integrating over the angle of the emitted z°-meson, we obtain as the energy 
spectrum of y-rays in the laboratory system 


(VI=P/A) dk / py. (5) 
Inserting 9=0 and 6=z in(4), the limits of & are determined as 


So that the y-ray spectrum has a uniform distribution between £"™ and £™™" and 
vanishes outside the interval. The breadth of the interval is given by 


fe — R= 2B key] V1 — P= p= V ([n— 4M — 1) +n] M) 


_ the center of which lies at £,/2~p/2. 

If the neutral meson is of vector type, 
of which are denoted by 4, Aves. 
tion to be 


it decays into three photons the energy 
Considering only the statistical weight func- 


0 dh! dh! (hy + ke? + 2h he cos (ky be!)) hy byl 


oat ee ide ie ee 
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and taking one photon into account, the spectrum in the rest system of 2°-meson 
becomes 


co ak’? (3p, —6 gk +28"). 


Transforming it in the laboratory system with similar method, we obtain 


1—8 cos 8 ,\V7/2, 2 1—8 cos 0 1—f cos 0 V1— : 
co( 1B cos 9 V3.2 64 1A cos 8 2 4 of 1aB cos 7) 8) VIR gp dO, 
(oe )( am eat 5: aes ye) 1— cos 


f4o/ 2K iz a : {e) 


Integrating over the angle @ with the condition (6), it results 


{5 2 pay He bey eee 5)2 
Eid {oyte (Z,— 7) aera 2k(E, A) +53 Ao?) \, 


pre > p> Mo. Ho “ss 


Idk 9 ze 9 9 9 =F 9 9° 
E,{3p2,—2Eyk (3+ P/E) +20 ES (1+ 6/E")/t"} 


Ho 


Po bo >AD>0 

cok Pa ee ve 
This spectrum differs from that in the 
case of scalar %,in the points that it tails 
to #=0 and has a maximum, while the upper 
limits of the spectra coincide each other. A 


Vector 7° 


X 


0 
- Scalar 7 


qualitative aspect is presented in Fig. Til. 


§ 3. Numerical results and discussions 


pl2 A 
Fig. TI The numerical values are presented in 


Table I where W,, and W” are compared with W,,. From these result we can 
conclude the followings: The process in which two photons are directly emitted 
in the m~-meson capture contributes at most 1% as compared with that in the 
case of one photon emission in consistent with the experiment. The experimental 
results obtained by Panofsky are definitely due to the competition between the 
processes of the one photon emission and 2° emission. From the shape of the 
spectrum near 60 Mev, the neutral meson of vector-type is excluded. Concerning 
only to this experiment, of course, the existence of a vector-type neutral meson 
is not denied, if ¢—4<4M or with a scarcely effective value of the coupling 
constant. The mass of the neutral meson is determiaed from the breadth of the 
spectrum near 60 Mev. In fact, Panofsky has found z—/» <2.9Mev. That means © 


' fy> 272 electron mass (assuming / to be 278 electron mass), while unfortunately, 
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the upper limit of # is not so certaio. If Ao determined, precisely* and 58 

values of the coupling constants (¢.g. /*, 4f*) are estimated by another Sie? 

ment, we can obtain the information about the meson type from the relative vie 
and W”. 

> ae conclusion, the authors should like to express their deep gratitude to Prof. 

S. Sakata for his valuable discussion and to. Dr. M. Taketani and Mr. S. Haya- 

kawa who have kindly told us their informations about the Panofsky’s results. 


Table I. 
5 =0.5 2 Jar) =3.3 x 10!, 7 “ps/sec 
WW, (Scalar) =0.56 x 10! 7, /sec W, 31 (Pseudosca 
Weel Wy (Scalar) =7.1 x 10-3 Wo~| FV, (Pseudoscalar) = 2.0 x 10-4 
Ww" |Wyr 
ae | os | 2 270 265 260 


0 
LS. 1p 5-7 S4fx 0 
0 
0 
Sts. 0 
0 
0 
pss. 0 
0 
0 0.0211 0.0218 
S.—>p.s.709 0 0.032 0.055 
0 0.123 042 


i) 


~(Mev) whan, | 36 re 44 


* The value means that }”"//V;y=12x f2 with ~=275 electron mass and in the case that pose 
z~-meson is absorbed accompaning 7.5. x°-meson emission Read other values similarly, 


References 


1) AS. Wightman, Phys. Rev. 77 (1950), 521. 
2) R.E. Marshak and A.S.. Wightman, Phys. Rev. 76 (1949), 114. 


Note added in proof: We take 4—jo<2.9Mev. Recent experiment, however, indicates p—jio< 


lime. The main feature of this paper remains unaltered. Some corrections will be reported in the next 
letter. 


* Experimentaly, this will be performed by the comparison of the breadth near 60 Mev with that 
of the spectrum near 130 Mey which, resulting from the fact that the --meson is initialy in A-orbit, 
corresponds to the interval of about 0.2 Mev. 
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The spin transformation was discussed by E. Schroedinger!) and V. Bargmann?) ‘as early as 1932. 
They perceived the abscence of the ground for assuming the spin transformation to be unitary. F. J. 
Belinfante3) and other writers discarded the transformation to preserve the simplicity of the covariant 
formalism. 

We introduce here the spin transformation to set up a linkage between spinor and tensor fields as 
‘H. Weyl® did the gauge transformation to connect Dirac’s spinor with the electromagnetic potentials. 

As we see in the followings, the unitary spin transformation group is so narrow that a linear tensor 
fields of different ranks having no interaction with one another. The general spin transformation group, 
on the other hand, requires another spinor field contragradient to ordinary one, but works smooth and 
clear. 


§1. Harmonic fields 


In the Euclidian space with the metric de=>i(dx)* the lower boundary r¢” 
-and the upper: boundary t*¢” of the antisymmetric tensor field 9” of the p-th 
rank are defined as follows 


(ig) F = Spe rt, 
(1) 


(0*) ssp..--1m= OQ sK.---tm— OPike.eetmt oo0 OmPijheret © 


When a field has vanishing upper and lower boundaries, i.e. 
ry=0, r*y=0, (2) 


the field is called harmonic.” 
An example of harmonic field in physics is the electromagnetic field which 
satisfies the classical Maxwell’s equations 


0; f*=0, 0; fet 0, fat On fg=- 


These equations are nothing else than the above-mentioned equation (2). 
Further all the equations of mesonic fields” are quite of this type, provided one 
uses the five-dimensional formalism. 

E.g. the scalar meson field equations 


OW —— x), O* == xf 


may be transformed, by imposing ip= P=, O;=1%, as follows 
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d4,—0,0,=9, Og +3=0, 
or 


C) ofs— A:Ya= 0, 0af* = 0, 


where the indices 4,9 have the range 1, 2, 3, 4, 5. 

The equations (2) hold also for vector meson field ¢.3, pseudovector meson 
field ¢as,, and pseudoscalar meson field Pas, - 

Here are no fields of the 0-th and of the fifth rank. If they exist and satisfy 
(2), they should be stationary. 


§2. Gauge transformations 


To solve the equation (2), we assume 
ae 8 wae 

so that we may have identically r*g?=0. 

The other equation of (2) then will be 

te’=rr*¢” *=—0. 
If we use a formula 
—rr*—r*r=4=Laplacian operator, 

and impose an auxiliary condition rg?""=0 to ¢g?"*, we have 4g” 7*=0. 

There is another way to solve (2). It is to put ¢=rg”*’ with an auxiliary 
condition r*g?*?=0 and to gain 4g?*!=0. 

If we replace g?"* by 


pig = t*gr* (3) 
where g?~* is conditioned by the equation rr*g?-*=0, we have both the same ¢” 
and the same equation for g®-1 as the fomers respectively. 

The transformation (3) is a sort of gauge transformation. 
We have also another gauge transformation 


gi=g3+ yg? 
where ¢?*? satisfies r*rg?**=0. 
Let us glance at a special case where # is equal to 2 and the relation r*g¥= 


0 always holds. In this case we can put g”=r*g’. Under the gauge transfor- 
mation 


‘g=g' +r*9°, CP=9. +49"). (5) 
a Pfaff’s expression g, dx‘ transforms as 
'9, dEk=Pdv+IQ, dxt=odx+dy. 


If we assume the invariance of the modified Pfaff’s expression dxr°+9,dx‘, 


the gauge transformation (5) is equivalent to a transformation of the coordinate 
Le 12° = 2° —o", 
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That the gauge transformation can be reduced to a coordinate transformation 
is the key to the unified theory initiated by H. Weyl” and Th. Kaluza.® 

The way opened by them, however, does not .go to a success when # is 
greater than 2 and the relation r*g=O0 does not hold. 

When ? is 3, the gauge transformation /g” =” +1*¢" (Pis= Pig + Ps — IPs) 
contains independent functions ¢, Therefore if one wishes to introduce new 
coordinates, he must deal with coordinates and will find himself situated in a 
jungle. 

If we modify the harmonic field so that the upper: and lower boundaries do 
not vanish, we have 1g?=7?-* r*y?=y"*! where "7, y*? are certain tensor fields. 
Putting Y=r*y?*+1y"** we can resolve the modified equations into two indepen- 
dent equations rr*et=y, rg =x". Examples of modified harmonic 
fields are found on both hydrodynamics and electrodynamics”. 


§3. ;-algebras 
We introduce 2” independent algebras 


i bs i; ey rca (Clap ee dae 


4, (A==0, 1, Bjnar,/12,.2....,12---7) 


or 


each being antisymmetric in indices and obeying the combination rules 
Atay (eg. P=, PPHP=)) (6) 
which enable us to construct 7-algebras from the fundamental algebras 7’, 7°,.--7”: 
Further we define a differential operator D=7'0, and its square, to wit, Laplacian 
operator D?= 4= 5) (0,)*. 
If we make an expression 


1/p\-7't"* Qy...0= 2, 
the equation (2) is equivalent to a single equation D@’=0 since we have 
DOr=7a, 1/p!-10o* Pag. 
H1/(P— Veh BGiguet PED Op 
em earase + OP uy.... )* 


The representations of the 7“ obtained by E. Caitan™ and H. Weyl” are 
adequate when ” is even, but not so when z is odd. The representation inserted 
in the “ Classical Groups”™ is as follows when x is 2v 


f=Pxix...x1. P= x Px... Xl ; eee (7) 


f=Qx1x...x1, f=IxQx...x1, + pve |! xd! x... 4D, 


pal? 2). on(2 4) 1-(8%) YC) 


where 
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When n=2v+1, one adds to (7) 
We thc a Wi aN lb See 8 (7’) 


The representations of algebras (7), (7’) are, however, not faithful when | 
n=2v+1 because there exists a relation 


Aa ee Sai | 


which violates the combination rules (6). 
Therefore we ought to use the following faithful representations 


ee Px dons aeahixlyy? Sl PK REX ye Ux aoe, 
f=OxIXn.x1 Kl, fHEVKOXA.KIRI1, > PHY RY RK OKT, 


a) 


hat ed ee eR Sa 
We have then 
ge ee a © Pees a Beg = 


and all the 74s have matric representations of 2*** dimensio.1s, 


ey 
=(S=:) 

in short, each of the representation matrices having 2x2” non-null elements de- 

composes into a direct sum of two matrices of 2” dimensions, so that the corres- 

pondence between the 7-algebras and the matric algebras of the type (9) is a 

o1e-to-one isomorphism. 


There exists a matrix 8 anticommuting with 7*(¢@=1, 2, 3,...... , ) whose 
‘representation is 


[Ge Eek ee ae ee m even, 
or 
A= RK. RRP nm odd. 
One sees that 787‘=8' (¢=1,2,...,2) anticommute with one another and are 
hermitean. 
Spinors having: the same number of components as that of the dimensions of 
matrices are now defined. We have spinors of 4 components when 7 is equal to 4, 
ones of 8 components when x is equal to 5. 


To obtain certain relations useful for later discussions we form a matrix F 
=7* fx from fy. 
Seeing that 


1 l4ko 1 (A—8) even transposition, 
ty A= ‘8 ‘A £0), tr\ (74)t r,s} =4—1 (4-8) odd transposition, (10) 
O otherwise, 


with the trace of matrix defined so as to give # I=1, we have the followings, 


ee O LES EE 8 
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f= f,; ~“G=7" £4, oe 
ir(FIG)=f4 ga 
(Ft AG)=(F got) + Pete) 
(Ft 4G)=(f4 Sot ---) + ( +f gt) ’ 
tri (DF)'G} +ir{ F' DG} = dtr {FIG}. 


If & (X'Y) vanishes for any X, Y also vanishes. 


(12) 


§4. Spinor wave equation 
Associating a matrix X=f*x, to a vector x, we have the transformation rules 
of vector and spinor under a reflection 4 as follows 


'¥=—AXA —'(BX)=A(BX)A, 
/X,=(—1) AX,A'(B°X,) =A(PX,)A, (13) 
‘p= Ag, PRX LP) HPPXf- 
Spinor wave equation invariant under reflections should be of the form 
1/i- BOP + (Bot PL 41/2- BRB Sat. )P=0) 
or multiplied by # from the left side 
fag+Fo=0, F=f,t+hhif.+etc. (14) 
§5. General spin transformations 


The condition that the equation (14) should be invariant under general spin 


transformations 


tea S75 *, S: non-singular matrix (15) 


p=S$ 


determines the transformation rule of / which we assume to be transformed into 


'Fa'y4'f, by (15). 
As the equation (14) transformed by (15). 


‘eee 0p +! F b= S7S3,( SP) +/F Sp 
=S(7Op +7* S* A, SE +S FS) 
should be of the same form as (14), the transformation rule for # should be 
S7A1FS +7" S* 0, S=F 
or, putting STFS =y"f,=F' 
Fale S 


Af a— fa = S™ eS: 


If we take an infinitesimal transformation 


S=exp R=1+R, 
R=fry R: infinitesimal, (16) 
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we have 
F-—F'=DR (17) 
which may be expanded as follows 
h—-f=3e'; 
hi—"fr=9 ot Oss 
Su—SFu=9; 1, —Oz 1 +Of np ete: 
There is no way of eliminating 7, since r, has the same number of com- 


ponents as ¢ has. So we assume here a restriction analogous to the one imposed 
on the gauge transformation for the electromagnetic potentials and put 


DDR=4R=0, 


] 


whence we have a relation 
DF=DF' 
and an invariant Lagrangian 
M=ir| (DF)'DF}. 


When we assume F=7* f,, we have 


DF=2, firs Y! (af,—-3,f0) 


and 
= 1 J a 
tr{ (DF)! DF }=(4, 7*) (nf *) +8 7 5-3, 7) (8 fA-B f). 
Using a spinor ¢ which transforms as 
'p=9S under the spin transformation S 
and 
'p=9A" under the reflection A 


we obtain the Lagrangian 


| L=9(73,h + Fh) + (age +9" Fg" 
that gives the wave equation (14) and its conjugate. 
Writing gy4¢=f, 74 g4=G, we may rewrite Z as 


L=¢D¢$ + (D¢)' ¢' +tr(Gt F+F'G). 
Therefore adding M to Z, we get a Lagrangian & 
L=L+cM ¢ : a constant, 


that gives spinor and tensor wave equations as follows: 


spinor ‘equations Df} +Fe=0, (D¢)'+¢'F t=0, 


5 ol (eee 
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gD—¢gF=0, D¢'—F*t ¢'=0, 
tensor equations | 
G—c4F=0, 
G!—c4F t—0, 
where we used the representations of y adopted in § 3. 
Since the action integral 


T= iE TS 


is invariant under spin transformations having 2” parameters, there may exist pik 
conservation laws. The variation of J due to an infinitesimal spin transformation 
(16) is. substantially equal to 


ar=|{g07 0.+¢tr(G' dF )+complex conjugate} dX (18) 
where dx=dx! dx*...dx". Substituting the variations of 7* and F due to (16) 
op =RP—7R, 


in (18), we have 
df=J{e(R—7R) af—t% (G' 7* 0,R) + complex conjugate }@X 
={{tr(H'R+9,G'-7*R) +complex conjugate }dX 
={{a{(H+DG)'R+R'(A+DG) }dX by (11) 
where H=y4hy M=9(747—777)Of- 


Therefore we get conservation laws 
DG+H=0. by (12) 
§6. Unitary spin transformations 


To impose the unitary restriction on S makes the situation tedious and 
complex. We compose from (14) a Lagrangian 


Lael (Rr a, $—3, o' By ¢) +9'Bry, e: constant n-vector(19) 


which gives (14) and 

—ap'pri+¢' BF=0 (20) 
(14) and (20) are not consistent unless F has the following property (AF) I= 
BF, to wit, BF is hermitean. We have therefore 


Papi fet bt ft 31 haat 
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with real components /,. 
The invariance of the Lagrangian under unitary spin transformations gives 


the transformation rule for 7, which turns out to be 


4 (Birt S* a,S-—8,S- SB) + BS 'FS= BF 


or 
F-Fa=a(¢S” a,S—B 3, S7. SBy*). 
If we put S=exp iR, R must be hermitean. When & is infiaitesimal, 
S=1+ikR 
F—F'= (7 8R+BAR- By"). 
Putting 
Rantrrjt+ 5 rat Yygt---, 44 real, 
we get 
h—f=9, 
TA —LI= 7 +P) 8re 
Zz - 
gh fs“ T= FZ 11+ Br BY) Bry 
L ise ig 
gr Sam Text) ae a7 7*+8r"8r") Ors, etc. 
or 


Io—-fr=9, 

hi— f=, Pos 

Sis—"Seg=% 075-8; He, 

Jiax— Sin= —9,? 2—9, Fu — Oz Mey, ete. 


a, A= a: to » Sav 4%, 
Of; — Of =9,f,— a, fe » SAY My, 
Oise a2 iF + Oty = 9, Sint da; Sit +3: Sey Say Msn, etc. 


In short i i 
» rotations of f4, say a4, are invariant under unitary transformations. 
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So we have invariant Lagrangians 
M= 1 é M= 1 tj 1 1jk 
Sete u*, ee: u's, My=— 5 ese 17" etc. 


_ Adding these Lagrangians to Z, we get a unified Lagrangian 

S=L+6l+e,M+e.Met....- 

whence spinor and tensor equations can be derived as follows, 
D$+F¢=0, 
ef" BY — cd fr=9, 
eid Brp—c,4f'=0, etc. 

As we see in the above calculations, to confine spin transformations within 
unitary ones is so troublesome and deformed that we cannot have general ex- 


pressions neat and concise. There exists another choice of Lagrangian. Starting 


from the modified wave equation 
(ae~+iFy=9, 


with hermitean /, and its hermite-conjugate 
ag —ipiF=0, 
we have another Lagrangian 
Bo (Yt 7 8, $b 'reh) +H LY 
t 
with 
7 ass 1 ssh ty Ja deal. 
Fapftr fet Gti fat gio fates J 


From the invariance of L under unitary spin transformations, we deduce the 


transformation rule for F, 


sr $1 3,S—3,51. S77) +57 'FS—F=0. 
i 


Putting S=1+7R, we get 
5 HAR+AR7) rl —h=V, 


which may be expanded as follows 
ho—fr=r's 

4 N—'fr=9io» 

lam y= Oe ry 


Y rene ie 
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and 


Tin fip=IS nt Of at IW etc. 
These equations afford invariant tensors 

0: Sy— jy S = Mays 

0, f%=w, 


0; Iya Os Sit + Oe Sn5j— Or Sige Mize etc. 


invariant Lagrangians ~,, 2%, uu‘, uy, u'™, etc. 
This case is too troublesome to treat. 
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§ I. Introduction 


S Orr The various possibilities of the interaction modes 

N between nucleons, z-and #-mesons and leptons have been 

ic S discussed by many authors.’~? These varieties are cri- 

(e, v) x (nu, Uo) tisized by the refined theory,” which still contains an 

ae inevitable ambiguity. The result depends. largely on the 

prescription to eliminate the divergent integrals. In A the 

os model II, where z-meson decays into #- and /4- mesons 

N or leptons only through a nucleon pair, is only acceptable 

1h ae if the divergent integral is evaluated by the cut off 

(e, v) = prescription. On the other hand we had to drop the 

divergent integral by regulator method in order to obtain 

oe the life-time for the r>3z decay.” This undesirable in- 
Model III. 


consistency may suggest that the model II should be given 


up and one must approve of the model III. To make this conception sure, we 
want to provide another evidence favourable to the dropping off or regulator 
prescription. 

The process discussed in the model II is the decay of a Boson into 
Fermions through a_ nucleon pair. It seems to be more appropriate to 
discuss the prescription to eliminate the divergent integral in the analogous 
case like as the transmutation between Boson and Fermion than in the case of 
that between Boson and Boson. Unfortunately, however, there may not be the 
further case. Only a case, though suspicious. is the decay of a heavy Dirac meson 
into a z-meson. We suspected such a possibility analyzing the t-mesons discovered 
by Wagner and Cooper. Although the experimental evidences are not yet reliable 
it is not necessarily meaningless to calculate the life times for the various types 
of m-meson in order to seek for the prescription evaluating the divergent integral 


and to analyse the varitorons. 


§2. Life time of heavy Dirac mesons 


The process under considerations is as follows: 
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TOT+l 
where t and ¢ are Fermions. The mass of 7 is put to the observed one (M= 
725 me), and the mass of £ is tentatively put equal to that of # meson or O(m 
=210m, or m=0). The process compared with it is the P-decay of z-meson 
(x—>e+v), where the mass of neutrino is 0. 

The method of calculation is quite similar to that in A. The life-times for 
the t—>7+¢ decay are obtained by dividing those for the 7—e+¥ decay by the 
following factors, the ratio of decay probabilities o.,/@ #-. 

For scalar z-meson, 


Fe eee eer, Tes eae eae arte. 2 re 
ft bem }{I- Lm HY M—m Ze, (1) 
fn (ASE ) peal ae) ths 
where f, is the scalar type coupling constant between nucleon and Fermions. 
For vector 7-meson, 


fol PTH CeAY 
fore (Me n)f ¥f(25%) net 
pea (2) 


where f, and /, are the vector and tensor type coupling constants between nucleon 
and Fermions respectively, and ¢ is given by 


Ben F+2((*) A+B)-G 


(2B) -F+ (=A); G 


where / and G denote the coupling constants of vector and tensor couplings of 
nucleon and z-meson respectively, and A and A are the following expressions 
containing a divergent integrals : 


r T + J ] \4 
A=2 log oe (£) +o(F) = error " 


B= Zlogeo += (£) + 50 (4) Feska tans 


For pseudovector z-meson, 


ae 
x (1 +9( Amy P(E) +2)(Gf)" 
CP (Gh)! = ee @) 


where f, and f,, are tensor and pseudovector couplining constants of Fermions, 
and F and G represent pseudovector and tensor couplings of z-mesons. 
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For pseudoscalar z-meson, 


where a=1 or ((M+m)/m.)? according to the Fermi coupling being pseudoscalar 
or pseudovector. In the mixed case 


fm F(—(2) 4+38)+6(£4)} +7,(™)a{—(Z)r+2(7) 6) 


aie a(S )A cat 
pe 
In the above expression the mass of nucleon is represented by x and the 
coupling constants between nucleon and 7, € or é, » is denoted by /” or hs respec- 


tively. We may tentatively adopt the relation (f”/f*) ~10*, considering the small 
abundance of such t mesons. 


a“ 


In the expression A and 8, there occur the divergent integrals 


logo = ("Fe 
VEL | 

The results are different whether we prescribe this integral by the regulator, the 
simple drop off or the cut off. Accounting for the larger value of f” we see the 
cut off prescription gives too short a life time to explain the track length of 
several hundred microns. The cut off prescription would not be applicable if the 
nature of the rt meson with the mass 625m, were established as above. We can 
not say which of the remaining two prescriptions is preferable, because of the 
large ambiguity in the magnitudes of coupling constants and in the type of cou- 
plings, though the regulator method gives more plausible result. Here we show 
the life times of t-meson only in the case of the regulator prescription in the 


following Table. 
Table. Life time of t-meson. 


Type of Coupling of z Coupling of tr | Life time in sec. 
7m-meson with nucleon with nucleon | m=210 m | 
s s fy Pp Utes 0 5.0.10-9 
s Vv forbidden. 
scalar Vv s forbidden 
Vv Vv forbidden 
v Vv 3.4.10-10 ~ 9.8.10-10 
Vv t 4.9.10-18 1.2.10-12 
vector t ¥ 1.1.10-12 3.4.10-!2 
t t V2.10=00 2.6.10-10 
pv oak pv 7.9.10-10 1,2.10-9 
pseudo- pv t f re 
t Vv forbideen 
ag € y 5.8.10-8 8.0.10-9 
= 1.4.10-8 |. 1.8.10-8 
pseudo- a Les 1.4.10-10 2:3,10=18 
scalar py ps 8.3.10-12 1.0:10-"! 
pv Vv 1.6.10-19 | 2.6 10-10 
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§ 1. Introduction 


The fact which characterizes the condensation phenomena of the imperfect 
gases may be the following two points. 

(A) Isothermal compression of gas produces another phase, whose physical 
properties are much different from those of gas, i.e., liquid phase; and further 
compression makes at last the whole system liquid phase only. 

(B) In some range of the above mentioned process, the pressure remains 
constant against the change of the volume, i.e., the gu-curve has a horizontal part. 

(A) and (B) are at first sight independent from each other. The theory 
presented heretofore seems to aim to prove principally (B) (for example, works 
of Mayer”, Kahn and Uhlenbeck”, Born and Fuchs”, etc.). The fact (A), however, 
seems to be more fundamental, so that the present paper aims to prove (A) as 
well as (B), and to investigate the correspondence between the “ coexistence state 
of the two phases” in (A) and the “ horizontal part of the gy-curve ” in (B). 


§2. Partition function 


Let us consider the system composed of WV molecules contained in the vessel 
whose volume is V. We divide V in equal cells, whose number and volume are 
denoted by m and t respectively, i.e. T= V/m. 

The number of cells each of which contains 7 molecules is denoted by mm. 
Then 


N 4" 
YI m=m, Sl im= WN. (5) 


i=0 t=0 

The following two facts are to be noted. 

(i) If m, has two sharp maxima against z, the evidence of the coexistence 
of two phases may be shown. 

(ii) When we regard each cell as a system and use the suitably approxi- 
mate partition function for each cell, we can reconstruct the partition function of 
the whole system. 

The partition function of the whole system Q is 
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1 Hh, 9) e 
n= at ae j.-fe xp( LP Naren 
a(n Q(T, V,N), (2) 
Ir 
where 
Q(T, V, y= |...fexp(- 2 dno (3) 


Here the Hamiltonian and the potential energy of the total system are denoted 


by H(,q) and U(q) respectively. 
The paitition function of each cell (deroted as Q*) which contains 7 molecules 


is 
QrmkT \% . 
Rta (ei mecaitie detra* 2 Q* fee is ’ 4 
Qi =( EN JP Q(T, =f) a 


where 


O*(T, a mal J exp (— ete =e) \dx,.. az, 


Vitedien jon(-—Z aa 3 


where U, is promised to be defined by (5). 

Now we assume: the interaction energy between two paiticles which belong 
to different cells can be neglected. Then, the integration of (2) in 34V-dimensional 
space is replaced by the summation (with regard to the set of ,) of the product 
of the integration in 3¢-dimensional cell (whose volume is -*), corresponding to 
the division of the 3-dimensional space 1% Hence 


2(T.V.N aS 5 my! ra'A! 
( ) M\ a my!...my! (O!)™C1!)™... AV)" 
sil { exp(—O(q)/AT dx, dy, de _ 
af exp(—U(gyg2)/AT) «dt... I. hie 


so] fexp(—U (94-99) /AT ata de 


=m PS ns ai (6)* 


e 
where 5) means the summation with regard to all sets of #, under the restriction 


*The similar expression is reported to be derived by Van Hove.) 
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of (1). Therefore, we can construct 2, from 2 by (6). Now we shall show 
that 2, reconstructed from approximate 2,* gives more improved approximation. 
i We replace @y by the greatest term in 2). It means to pick up the most 
probable microcanonical ensemble. The results obtained in such a way can be 
proved to be true in the case V->0. (See Appendix). The set of m which 


maximizes the term in 3! is obtained by the method of Lagrangian multiplier. 


N nk \ 2 
o>} pera t os ae =0, (7) 
i=0 m; 
N N 
o>\m,=0, dim =N. (8) 
i=0 i=0 
Hence 
m,= AQE ot = Ax, & (9) 
aA Et exp(—U,/&T) ; (10) 
t! 
where 
Pp Go 28 ee er (11) 


a! 
The undetermined multipliers A and z (or €) are determined from 
N 4 N 
) “ m= A>) QFe,= AD He, 
(12) 
we N. 
N= Ad i= ADY 14, 
t=0 


i=0 


4 Substituting (10) into (6), we get 


3 N 
; log2(7T,ViN)=—-N log z+m log>) Lis" 
f N 

——WN log(§/z) +m log ya, yw (13) 


Let us change the number of molecules WV for given constant volume V and 


p constant number of cells ™, instead of changing the total volume V under given 
? N. The pressure 7 is 
ra 
"4 p._@iog D 
4 Day Ny 


Ni ed & m ‘ 
eee ere (log -+ —_! ee 
Pray. og! + Mog Dnt") 
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log D1Qe". (14) 


The specific volume v is, from (12), 

V om oe 
Eas : ’ 
NV Diz és 


or (15) 


$3. Existence of the condensed phase 


Here we shall give the general proof of the existence of the condensed phase. 


We put 


1 aU, 


eae 16 
Fy ee Gene (16) 


G(i)= pas log m,=log = — 
a 


The value of. 2 which maximizes m, is given by the roots of 


G(z)=0. (17) 

As we have already meationed, the existence of the two sharp maxima of mm, 
shows the coexistence of the two phases. To study G(?), we shall estimate U;. 

At first we approximate (5) by the following way. By the mean value 
theorem U; is the potential energy of the appropriate configuration (cf. (5)). We 
replace U; by 7 €;, which is the potential energy of the mean distance configuration. 
The molecular force of the imperfect gas is attractive at large distance, and re- 
pulsive at short distance ; that is, the potential between two molecules ¢(r) (¢ is 
the distance between two molecules) has generally the following nature: 


$(r)—>00, when 7-30, 
#(7) has a negative minimum at some positive 7, 
¢(r)—+—0, when 7-00, 
Then we may expect that: 
€,>0, when 70 (infinite dilution), 
€; has a negative minimum at some value of 2, 
€;—>00, When too (molecules are very close together). 


In fact, we can calculate €; by using the Lennard-Jones potertial, i-e., 
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= 5 U8 (a(e/i)*) de 


Fig. 1 shows the behaviour of ¢(7), € and dU;/dt. 
Next, we adopt the hole theory for calculating U; of each cell. For example”, 
the free energy is given by 


es 142 Es 
pat 4 Zar | Nlog Beit Sa oN) S| 


2 0(B+1) °F =8) (B+) 


+eT| Nlog 04+ (L—W) log(1—0) }—NAT log (V/L), 


é(r) f | 


Fig. 1. The behaviour of $(7), 26, and. dU; /dz. 


where 
=N/L, Ba{1+4N(L—N) (eh? —1)/24, 


L is the number of sites, 2 is the energy per one pair of molecules, and ¢ is 
the number of the nearest neighbours. From this expression of the free energy, 
we can know the behaviour of U,. Considering the roughness of the approxima- 
tion near V>0 and V—Z, we can regard Fig. 1 as the general behaviour of UO, 
under the constant temperature. That the behaviour of @U,/di is similar to that 
of U; can be seen by the graphical differentiation. 

We can see immediately the behaviour of G(i) graphically. Fig. 2 (a) 
shows the case when the temperature is sufficiently low, and Fig. 2 (b) the case 
it is sufficiently high. The incerease of € means the upward shift of the whole 
curve by the amount log &. 

As Fig. 2(a) shows, ina certain range of € (E, <¢ <&,), G(z) has three roots, 
which are denoted from the smaller. one by 27, i’. and 4. m, takes maximum, minimum, 
and maximum respectively. Fig. 3 shows this behaviour of mm, This region of 
2 is that of the coexistence of the two phases in the meaning of (A). 

For any ¢ outside of this region, G (i) has only one root and m, has only one maxi- 
mum. When & <&,, it corresponds to the gaseous phase, and when &> &,, it corres- 
ponds to the liquid phase. (The fugacity €/c is morotonic increasing with VV/m). 
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If the temperature is sufficiently high, m, has only one maximum for any 


value of &. This means the temperature above the critical point- 


mm, 


é rs ‘ 


Fig. 2. The relation between G(7) versus 7. Fig. 3. mi 
(a) The case where 7<7;. 
(b) The case where 7<7;. 


The critical temperature 7, can be obtained by eliminating z from 
G'(z)=0 and G’(4)=0. (18) 


When the intermolecular force is repulsive, there are no condensation phe- 
nomena, since €, is monotonic increasing and G(#) is monotonic decreasing. 


§4. Equation of state 
We can get the equation of state by eliminating € from (14) and (15). In 


evaluating >j+£‘, we replace X) by §---ai. Remarking »,=Ax£* has one or two 
sharp maxima, we approximate the integrand by two Gaussian function. Then 


Dela | di=—lexp log mz, at 


hg Mm, ’ I ad e . *\9 > 
=H Je (GOO ),, (0) 


+ wit Fexpl 2 (4 G()); (i—i,)° |e 
=rl#,(F)]+7[4(¢)]. (19) 


And 
Dita & =i ,7[4,(€) ] +a7[2,(€)1. (20) | 


where 


eS Ate ee 
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le) J=exp{ af) }}/A2O)], 


“lt e) )= ics U; as WW, 

COI a) he 
4(2) |= be aU \t 
Ae) (eos ai? ) 

Hence 
pe /kT =r, (6) ]+714(€)), (22) 
pe rel) tna) (23) 


i, HE) +8 aA) 

The meaning of these equations is: 7, and i, are determined from G(#)=0 
under given ¢; «{2,(€)], S[2,(€)], 7{z,(€)] and so on are determined from 
them, and # and v are determined from these values; that is, all these quanti- 
ties are functions of €. 

If €<é, or €>, each equation (19) (20) (22) (23) is promised to take 
only the first or the second term respectively. 

At first, we consider the case of a single phase in the sense (A). If &<&, 
then 


v=+/i,(€), (24) 
pr/kT=logrli,(6)] =i, (€)]— log, (F)] 


ee a 1 (aU; : 
sg ee Nf = = )o0lel D5 
LS Fees ihe ), 9 © a ER ), Pinks 


The last term can be neglected. 

If €>6,, z, in (24) and (25) must be replaced by %. 

Next, we consider the case where ¢, <€<é, holds. From the fact that A[z()] 
is the slowly varying function of @ or €, and exp[a{z(é)}] is the exponential 
function of z, the behaviours of (22) and (23) are both determined mainly by the 


behaviour of a[7(€)]; that is, 
if ofé,(6)]> ofi(€)], then afi,(6)]>rf4(€)), 
if a(z,(€)] <a[z.(¢)], then 12,(€)] <rla(s) I. 
We represent the value of € which makes 
ofi,(¢) ]=ala(§)] (26) 
£ dip agit her, (24),<and (25) hold even if in the case of §,<€<&cown: while in the 
dase of Scorn <i <fs ty is. replaced by dy. 
Now, in the case beze yt thetiis, in the range where the sign of the dif- 
ference o[z,(¢)]—a[4(&)] changes, c/v decreases abruptly from i,(€corn) to 
i,(Econp)- On the other hand, p/kT at §=€coyn changes continuously (but its deri- 
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vative is discontinuous). The feature of v(€) is shown in Fig. 4 (a). Therefore, 
the pu-diagram has necessarily the horizontal part as shown in Fig. 9. 


t/o 


£ 
“COND € 


Seon € 


Fig. 4. (a) & versus r/v, (b) € versus 7, 7” and 4. 
When there exists single phase only, r/v is equal to 7, or 7 - 


§5. Physical consideration on the coexistence of the two phases 


Let us investigate the feature of the condensation in further detail. The 
maximum of , is at first only at z, In increasing €, 2,(€) becomes larger, and 
at €=€,, z appears. In the range €,<€<€goyp, both 7,(F) and 2,(¢) increase with 
€. At the neighbourhood of €¢9x, both 7,(€) and 7,(€) remain constant, but 
m; (§=§ conn) decreases and m,(€=€coxyp) increases. In the range fooxp <é <6, 
both 2,(€) and 2,(€) increase. At €=€, 7,, disappears. 

The horizontal patt of the pv-curve, i.e., the condensation in the sense (B) 
arises at €=€¢oyp, on the other hand, two phases in the sense (A) exist between 
=, aude. 

We can explain the supersaturated state as follows. Let us imagine that in 
the range €,<&<€goyp only the gaseous phase is forced to exist by some inhibi- 
tion, then there is no contribution of ¢, in (22) and. (23), and gv-curve is extend- 
ed to €, without showing any irregularity at €=fooyp; this is the phenomena of 
supersaturation. The phenomena of superexpansion of liquids are explained si- 
milarly. These features are shown by the dotted curve in Fig. 5. 

It is sure that always dp/dv <0, and the part where dp/dv>O0 does not 
exist. This part is usually excluded by the consideration that it contradicts with 
the real phenomena. While our treatment proves it theoretically. 

The physical quantity mentioned in §1 (A) which distinguishes the gaseous 
and liquid phase essentially is the density. That is, there is a distinction of gas 
and liquid only under the coexistence of the two parts with different densities. _ 

Our treatment shows the additivity of the thermodynamical extensive variables. 
We consider free energy for example. We denote the free energy of the total 
system, that of one molecule, number of paiticles, and specific volume at the 
starting point of the condensation (in the sense (B)), F’, J’, N’, and v’ respetively ; then 


Fl = Fy, +N" | = 
Hence min $ og (&/t) —m logyixé". 


at heh eS ae 
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SL =f unt log (€/r) — (m/N’)log zs 


| =f" wn +log(€/2)— Pr, (27) 
where Fy, and fin are the terms which arise from the translational paitition 
function. 

Similarly 


S' =f un + log (F/t) —pu", (28) 
where the double prime means the value at the end of condensation in the sense 


(B). 


Now under the coexistence state of two phases (in the sense (B)), we denote 


the number of particles of gaseous phase, that of liquid phase and the total num- 
ber by WV,, M, and WV; and € may be regarded as constant (Fcowp)» then 


F(N,, N,) =F n+ Nlog (E/z) —mlog +8 
=(N,+M)frn+ (N,+Mi)log (F/t) —2V 
= N,(f un + log (§/t) — £0’) + Mi fain + log (€/t) — 20") 
=, f' +N, f". (29) 


This is the additivity of free energy. The additivity of entropy, energy, etc. will 
be clear. 
We notice that our treatment does not show the existence of the mixing free 
energy, while our designation of configuration is similar to the gas mixture. 
Moreover, the equatioi of Clapeyron-Clausius can be derived. From (14), 


the pressure at the condensation point Doorn is given by 


P cox= “PT og di #"caxm, 


Ep conn ™ pj Ores mM BT. 8 log 3 2%2"cop 30 
Te ae aT om 
On the other hand, the entropy S is 
iG  AopO eT oe 
a7 
= Spn— FN loge +mkiQ Xe 


8 log z 8 log) Liz" 
EEN Te 2 pS Med Tet 31 
Nie pratee a | (31) 


Denoting the entropy per molecule at the starting point and the end point of 
condensation (in the sense (B)) by s' and 5’ respectively, their difference is, 
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as k log) 2F 2comp— a k log) 2F2coxn 


4 ET 8 log 2i2\conn _ ™ AT. 9 log) Q¥z corp 


Mw aT a ar | 
m Mm ‘ c) log D2QF2*conp ) 
= (FF) 4 log Ble aon + AT — WER oe), 2) | 
Therefore 
2D conn ee gy—s" a gf —s! 
aT V (mm ™/ vy —v! 
(ree (33) 


Here the proof is completed. 


Using the value of “‘€,;” ins* 4 of U,, we can calculate the gv-curve of argon 


(Fig. 5). 

Poo 

kT. 

os4 | 

Fig. 5. Isotherms of Argon 

0.7 (1) The minimum value of ¢{7),-,, is 
ny assumed 1.82x 10-15 erg, 7)=3.85A. 
: v=rs. (1) T=833°K 
05 (2) 7=150° K (8) 7=83.38°K 


(4) 7=41.7°K 


1 ee a Ta a ¢ 7 8 9 10 %% 7 


§ 6. Discussions 


In the preceding sections, the autho:s have showa the coexistence of the 
two phases and the horizontal part of the pu-curve from the partition function 2, | 
Surely, @y has a more improved form than the original Q@*. Though the original 
Q(in the hole theory etc.) gives the isotherms of van der Waals type, @y of | 
the whole system reconstructed from @* gives the isotherm which has the hori- ) 
zontal part. When the whole system is single phase, however, the reconstruction 
of 2, from 2* gives no imp:ovement. In this case, V/m=#, and | 
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AM og 0y= —logs + (4, log: 7 
Wy g2,=— oge +—-(4 log s+log 2) 


1 é 
= log@,*. (34) 


. : 0 
Hence the free energy per molecule suffers no change. 

Here we add the relation between the method of the grand partition function 
and the present one. If we regard each cell as a single system and the whole 
volume of the vessel as a grandcanonical ensemble, and denote the corresponding 


grand partition function by &*=8*(T,7,&), the expression = «= S1Qkst holds*. 
i=0 


(14) and (15) are nothing but the general formulas of the grand partition function. 
In this case , (Fig. 3) represents the probability of finding a canonical ensemble 
which consists of cells each of which contains 7 molecules. We can interpret this 
probability as the volume fraction of each phase in the vessel. The grand canoni- 
cal ensemble in Appendix consists of the ensemble of the whole system (4= 


= 


= Q : . : 

os z¥). The results obtained fiom 4 are also equivalent to those obtained from 
w@,and 5*. 

That is: even if @* has an approximate form (giving van der Waals type 
isotherm), 2, 3* or 5 reconstructed from it have more improved form as far as 
we concern to the condensation phenomena. . 


\ 


WY 


YY 


(b) (c) (d) 


NY’ 
SX 
\ 
S 


YUD- 


y' 


Y) 


‘Sf. 


Fig. 6. Schematical diagrams for the approximation of the partition 
function. The hatched region represents the domain of integration in 
the phase space. 

The above mentioned fact, we may say, shows the following fact: the usual 
partition function heretofore (in the hole theory, etc.) is constructed under the 
tacit assumption of foiced single phase, i.e., the integration in the phase space is 
performed incompletely. Fig. 6 shows these relations schematically. The square 
shows the whole phase space, and the hatched domain is the integrated region 
of the phase integral. (a) The whole integration will give the correct partition 
function. (b) Approximate partition function 2% by the hole theory (correspond- 
ing to Bethe-Fowler approximation). (c) @y reconstructed from Q*. (d) Ap- 


eS eee 


*) We are much indebted to Mr. S. Ono’s valuable remarks. 
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proximation using “‘e””’ The discrepancy between the calculation and the experimen 
in Fig. 5 is due to the roughness of the approximation in (d). However, (c) 
even (d) is superior than (b), in the view point that it can give the coexistene 
of the two phases. 

It is the authors’ pleasure to wish to express their thanks to Prof. Y 
Watanabe and Prof. Y. Takahashi for their kind encouragements and _ helpfu 
suggestions through the present investigation. We wish also to express our a 
preciation to the members of Busseiron-Kondankai (the Research Gioup 
Chemical Physics) in Tohoku University for their discussions. 


Appendix 


s 
We have replaced the paitition function by the greatest term in 3). Wi 
can prove that the results aie exactly true in the case Woo. 
(i) Method of the grand partition function 
N 


We can easily see that (6) is the coefficient of €* in the expansion 


(Sos, t* 61)". Hence the grand paitition function is 
i=0 


E(D, V8) = DOT, Vs N, m)ia9(D) 


Oso (35) 
where €=46(7)t=sr. | 
Then 

pV/kT=log F=mlogd x6", (36) 

i=0 
= Sixt 
= 0 log& ae OES 
N= ae =m : (37) 
De 
i=d 


Where V is the mean number of particles under given #. (36) and (37) are the 
~ N © 
same as (14) and (15) except for the difference between >} ands dis 
i=d 


i=0 | 


(ii) Method of Kahn and Uhlenbeck. | 


From the fact that 2 is the coefficient of €* in the expansion of( Saee) 
i=0 


it can be written in the integral representation : 


Oo Ll, Na, vA?) = 5 { ( ree)" x. (38) 


Denoting S(v) by 


it 
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Ss) =39( 7, No, N, wo) py (39) 


can be written as 


SG ee 


c Sy x,cie* 


where 2 is defined by 


a = zint valk 
g=r{ Dix, t'2 (40) 


for given 7. 


Let Z be; either (1) the value of 2 which satisfies 


ao 
Wixzs* 
& t=0 
v = o Sa ’ (41) 
ee 
2 { 


or (2) the smallest singularity of 
Sate’, (42) 
i=0 
then, 


lim—- log (7, Nv, N, va —log R=—log 24 ZlogsnaZ', 
ct re t=0 


N?~@2 
us of the convergence of (39). This is equivalent to (13), 
btained directly. 

pear as the singularity of (42) by 
The process T—>0o 


where RF is the radi 
and the expression of the pressure can be o 


Here we remark that €coyp does not ap 


the limiting process V—>oo and V—>oo under constant v and t. 


is necessary to make E conp a singularity. 
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Recently the second sound velocity of liquid helium II has been measured below 1°K by 
means of paramagnetic cooling.) The result is that the velocity shows a minimum about 1.15°K 
and then rapidly increases as temperature decreases. This seems at first sight to support Landau’s 
theory?) rather than Tisza’s prediction.» The further investigation reveals, however, the fact 
that Landau’s theory will meet with some difficulty, on the other hand, in explaining the 
mechano-caloric effect. It is the purpose of the present paper to criticize these theories in 
this connection. 


§ 1. Introduction 


As is well known, the two-fluid theory of liquid helium H gives the expies- 
sion for the second sound velocity as follows :®” 


cf= e(ce fe. 
as’ Pp 
where s denotes the entropy per unit mass and p, and p, are the normal and 
superfluid densities respectively. To calculate c,, Tisza has used the relation 


0n/P=s/Sy. (2) 


where p=p,+p, is the total density ard s, is the value of s at &-point. The 
values of c, calculated by using the relation (2) ard the expeiimental data on 
the entropy agree with the observed values well in the temperature range fiom 
d-point to 1.2°K. But Eq. (1) combined with Eg. (2) predicts generally 


¢,00 78 as T-0, 


which seems hardly to be consonant with the recent experimental results. 
On the other hand, according to the phonon-roton model of Landau, ¢, increases 
below 1°K and tends to a finite value at 7=0. In this case, Tisza’s relation (2) 


is valid only for the roton part at sufficiently low temperatures, while for the 
phonon part 


leaves a constant contribution to c,, as E% being the energy of the phonon 


part Propositional to. Z* (c, the first sound velocity). Clearly the phonon part 
invalidates Tisza’s relation. 
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From the general point of view, Tisza’s relation may be regarded as only 
a special assumption.” We consider, however, this relation to play an essential 
part in the two-fluid theory as we shall show in the detailed analysis of the 
mechano-caloric effect, though we recognize also that the phonon part must be 
taken into account in the low temperature region, where the specific heat has 
been found experimentally to obey 7°-law. 


§ 2. Thermodynamical considerations 


F. London has shown that one can derive Tisza’s relation phenomenologically 
without referring to any specifi¢ molecular model.” His thermodynamical con- 
sideration is, however, applicable only to the case of zero Gibbsian potential. 
We shall generalize his consideration in this respect. 

We begin with the experiment of Daunt and Mendelssohn on the mechano- 
caloric effect. A Dewar flask with a small hole filled by emery powder at the’ 
bottom is lifted up from a helium bath above its surface. Then liquid helium II 
in the flask flows down through the hole at the bottom and, at the same time, 
the temperature of the liquid inside the flask increases. When the flask is sunk 
into the bath again and the level of the liquid surface inside the flask becomes — 
equal to that of the bath, its temperature returns also to the original value. 

Idealizing this experiment, we consider the following process. Two containers, 
A and B, filled by liquid helium II are connected by a vefy narrow capillary, C. 
The pressure p and the temperature 7 of the container A are kept constant 
throughout our process by means of a movable piston and a suitable heat reservoir, 
while the wall of the container B is assumed to be adiabatic. Thus A, B and C 
correspond respectively to the helium bath, the Dewar flask and the hole filled 
by emery powder in the above experiment. . 

Now, accoiding to the experiment of Kapitza,® the flow of liquid helium II 
through a sufficiently narrow capillary carries no entropy. This fact ensures that 
A and B can be in equilibrium as far as the following condition is satisfied :” 


gp.T)=8aT), (3) 


where g is the Gibbsian potential. 

Our process starts from the ordinary state of equilibrium where p=p and 
T!=T. Then we push the piston of B and increase its pressure ~’ by a small 
amount. An amount of liquid helium II flows from B to A through C. At the 
same time the temperature of B rises and a new state of equilibrium will be 
established when the condition (3) is satisfied. Now, we increase the pressure 
of B-continuously, but so slowly that the temperature rising follows the pressure 
increasing and liquid helium will flow on from B to A with infinitesimal rate. 
In this process, Eq. (3) may be satisfied at each step and, the right hand side of 


it remaining constant, the pressure and temperature of B increase according to 


the equation of H. London: 
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dp! /aT’=,'s'. 


However, the representative point, (f’, 7’), in the pZ-diagram reaches sooner 
o1 later a point, (fy, 7,), on the A-line, where liquid helium loses its superfluidity 
and can no more flow through C. 

Let Mand M, be the masses of liquid helium contained in B at the begin- 
ning and the end of our process respectively. Then the experimental fact proved 
by Kapitza is expressed as foilows: 


Ms(~, T)=Mys( pr T))- 


This is just the relation of Tisza, (2), for the mass of the normal fluid may be 
considered to be given by the mass M4, which did not take part in the superfluid 
flow. As the A-line is practically parallel to the p-axis and the entropy is ex- 
perimentally found to be almost independent of pressure, s,=s(f,, 7,) may be 
regaided as a constant. 

Thus we have accomplished a phenomenological definition of the normal 
fluid density on the basis of the experimental fact that there exists a superfluid 
part in the capillary flow of liquid helium II which, moreover, carries no entropy. 
Starting from this definition, we can construct the two-fluid theory of liquid helium 
II, as one of the present authors has shown elsewhere.” In the above derivation 
of Tisza’s relation, we have tacitly assumed that the normal! fluid mass should be 
conserved during adiabatic reversible processes. The two-fluid theory is formulated 
self-consistently with respect to this assumption, for we can derive the following 
equation from this theory : 


feo) Gee era 


where /" is the rate of transformation from the superfluid to the normal fluid per 
unit volume, (ds/dt)e, is the rate of irreversible entropy production per unit 
volume and g-do is the heat current through surface element de. 

Presumably we may conclude thatthe normal fluid mass is not conserved 
during adiabatic reversible processes in Landau’s theory. But this conclusion 
contradicts the fundamental equations of the second sound in his theory. 


§3. The condensed Bose-Einstein gas 


In the preceding section, we have assumed that the normal fluid mass should 
be conserved in adiabatic compression or expansion. This seems at first sight 
somewhat peculiar, for, in an ordinary gas, adiabatic compression results in 
temperature increasing so that a new distribution of molecules appropriate to the 
increased temperature will be established. Another example of such exceptionary 
Ecberty is, however, found in the case of the condensed Bose-Einstein perfect 
gas.” In this case, the number of molécules in excited energy levels is given by 
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rT 
p 


and tne remaining /V-V, molecules are all condensed at the lowest level in 
momentum space. Here, & is Boltzmann’s constant. Only the molecules in excited 
levels contribute to the entropy which is given by 


¢ 9 /2 
N,=2.612 4) N 


Vig 


S=1.341 [ze Sa ie AT, 
ie 2e 
Accordingly, using the entropy at the condensation point 
aN 2.612 
aa Deh) ~ ae 
we can derive ‘ Tisza’s relation”’: 
N,/N=S/S5- (4) 


Now, we imagine that we push the molecules into a box filled by the con- 
densed B.E. gas one by one through a very small hole. It is assumed that the 
density of the gas is kept constant by expanding the volume and no heat is 
supplied during the process. From the adiabatic condition, we get 


LES TH dN+ ST “1 a7| ar 


which gives the relation between the increase of the number of molecules and 
the decrease of the temperature. Inserting this relation into the expression for 
the variation of the number of excited molecules, 


aN,=const.T */? {av+ 3 wr-d7| ; 


we conclude that the molecules pushed into the box should condense to the lowest 
level so that the number of excited molecules remains unaltered during the 
adiabatic expansion. Eq. (4) expresses this fact in integrated form. 

Practically it is impossible to push the molecules into the box one by one. 
In the case of liquid helium II, the superfluid flow through a narrow capillary 


has played this part. 
We are indebted to Mr. T. Usui for the valuable conversation with him. 
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§ 1. Introduction 


In recent years a method has been developed by Tomonaga,” Schwinger,” 
Feynman,” and Dyson® to remove self-consistently the divergence difficulties in 
the quantum electrodynamics with the introduction of the idea of mass and charge 
renormalizations. Stimulated by this success, applications of this self-consistent 
subtraction method have been tried by many physicists to other more general 
systems than that of electron and electromagnetic field, yielding finite results for 
many processes which had hitherto suffered from divergences. However, there 
are reported negative examples also, where divergences involved in the reaction 
of one field on the other can not be concealed in mass and charge (more 
generally, interaction constant) :—as, the anomalous magnetic moment of nucleon 
due to vector meson with tensor coupling,” the induced electric current for 
vector meson due to fluctuation of radiation field and vacuum polarization,® ete. 
Therefore, the applicability of this method seems to be rather restricted. 

Here arises a question whether the self-consistent subtraction method would 
be successful when applied to systems consisting of more than two mutually 
interacting wave fields, if it is the case for each sub-system composed of two of 
the constituents. From such a point of view we have treated the problem of 
the radiative correction to decay processes. In the first part of this paper” two 
of us reported the result for the decay of a scalar meson interacting with light 
particles through scalar coupling. The answer was in that case affirmative apart 
from the lack in uniqueness of the renormalization of the coupling constant. 

In the present paper we deal with the second order radiative correction to 
the beta disintegration of nucleon,” assuming the Fermi’s interaction between 
necleon and lepton fields, and show that there appears such an ultraviolet divergence 
as can not be removed by the procedure of renormalization of mass and coupling 
constant, so far as a single type of coupling is assumed for the decay Hamiltonian. 


The possibility of compensation of divergences by mixing several types of 
coupling is also discussed. 
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§2. Effective Hamiltonian for beta disintegration 


We start from the equation in the Tomoraga-Schwinger’s covariant formalism 
of the form 


\ H(x) + V(x) —i8/d0(x) }[o]=0, (2.1) 


where A(x) is the Hamiltonian describing the interaction of radiation field with 
proton and election fields, and (a) that accounting for beta disintegration. 
H(x) is, provided that the mass renormalization has been done from the 


beginning for electron as well as for proton, given by 
A(x) =icA, (2) 9 (4) ref (%) — Omg (x) P) 
—ieA, (2) ¥ (x) 0,8 (4) -OM¥ (x) ¥ (2); 


where A,(x) describes radiation field, ¢(¥) and $(x) electron field, ¥(%) and 
W(x) proton field, and dm and dM denote the electromagnetic masses of electron 
y,’s are the Dirac matrices for lepton, while /',’s are 


(2.2) 


and proton, respectively. 
used to designate those for nucleon. 

V(x) has, according to Bethe, 
written as 


five possible types which may generally be 
V(x) =g9 (x)G(«) BBY a) # (#) +000). (2.3) 


where P(x) and P(x) describe the neutron wave, 9(x) and G(x) the neutrino 
wave, g denoting the coupling constant. 8 and B are the sedinioas characterizing 
the type of coupling, given in the following Table. 


Table 
ype Scalar Vector Tensor Pseudo-vector Pseudo- 
coupling scalar 
i as Sv St &pv Eps 
Ouv 
1 ; 
B t ig = oF (teTy — Ty 1) *TsTh ¥s 
eae - See ES 
B 1 Ty Suv 30. Ts 
BB 1 rely. ouvDev —rsl srul ye tls 
—6(14+751"s): 24(1+ 75s) 6(1+ 750s): 
BBowwSey | avy Dey ( a re . € AS ee opvD> ev 


The wave functions, of course, satisfy 
of which the mass parame 
d to have already been renormalized. 

y under the influence of the reaction 


aa V(«)U[e], with U[o] as a 


mutation relations for free fields, 
for observed ones, since they are assume 

The effective Hamiltonian for beta deca 
of radiatio: field is now given by Vr) =U 


the usual wave equations and com- 
ters are to be taken 
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nctional that satisfies the equation {H (2) —10/d0(x)} 
tial condition U[—©]=1. Using this effective 
Hamiltonian, we can evaluate the total rate of beta decay, to the second order 
of approximation in g but inclusively of the radiative correction to any desired 
order in e, in accordance with the Schwinger’s formula for transition probability, 


unitary transformation fu 
U[o|=0 and is subjected to the ini 


which reads 
w=|d*x{d's'(1 | P(x) Vela’) |), (2.4) 


where the matrix labels, 1’s, designate the initial state of the system considered. 
Let us confine ourselves to ¢ approximation. Then w may be split into 
three parts as 


W=wW,+ 6,7 + 0,2, (2.5) 
with . 
wwy=|\d*x[d*2"(1 | V2) V7) | 1), (2.6) 
aeo=|d ‘x(a (1 | V2) VP) 4+ VP) VE) 1D, (2.7) 
and 
ee fexlaw'a VP (2) VP) |) (2.8) 


where V(x) and V(x) are respectively the first and the second order terms 

of the power series in e of Vp(4#). wz, gives the inverse of the life time of beta 

decay pout radiative correction. and d,z describes the correction on the rate 

4 radiationless decay due to emission and reabsorption of virtual photons, while 

iw accounts for decay accompanied by emission of a real photon. 

a necien calculation it is more convenient to use, instead of V;(+%), the 
y s effective Hamiltonian, V,(7), which is, following Dyson, practically 


(ta) 


(Ib) 
Fig. 1 
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sd g 


(2c) 


equivalent and related to Vp(«) through V,(x)=U[e]V,(x). The expression 
for the first and the second order terms in ¢ of V,(x) can be obtained at once 
with aid of the Feynman-Dyson’s diagrams given in Fig. 1 and Fig. 2, respectively. 
The results are 


V(x) =iegO (2)9 (2) PB atx! Sox — 2 ref 2) An) F @) 


_iegD (x) G(x) BBY (2) | atx S,(e— 2) (2) A, (2!) 


+conj., (2.9) 
2) (2) = gD (x) B(x) PBLYP (2) ¥ (2) +2) EP) + WU) } 
+conj., (2.10) 


where 


$2 (x) =|aty'S(2-2){ —dmp(2’) 
E? ila rp S(2!— 2" ru") Dol’ 2") \, (2.11) 


P? (x) =|atv'S,(2—*') _ 3M (2') 


at iet{ ate" T.S,(2'—2") re (2!) D(x" —xz!')}, (2.12) 
and 
Wa) =— iet{ di! jate"Sy(2— 272) Deal — 2") Sp(a! — 2") Ty (2) 
(2.13) 


discarding terms which contribute nothing to the decay probabilities. In the above 
expressions, Sy(+) and D,(x) are the same functions as those introduced in the 
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Dyson’s papers except that the sign of the argument is reversed. @,(#) refers 


to proton. 
The integral (2.11) has already been evaluated by Schwinger and by Karplus 


and Kroll,” and reduces to the form 


OP (4) =2S(z), (2.14) 
with 
pie ee de | udu — Ge), (2.15) 
(Qz7)4 e>+0 0 (+ mv —ie)® 


in which & represents the 4-momentum of a virtual photon, m being the electron 
mass. With the & and w integration performed, (2.15) becomes 


J 2% 1 
Oe lo log 4 2.16 
‘ “(log ae = = m 8 ( ) 


where a lower and a higher cut-off frequencies, Amin and Amax, have been introduced 
to express divergent integrals. « is the fine structure constant, &/47. 
In quite the same way, 


FD (4) = ZF (2). (2.17) 
The. expression for Z® can be obtained at once by replacing m in (2.16) with 


the proton mass, J. 
We must now evaluate W(x), which is expressed in terms of Fourier integral 


as 
W(a)={a'p|a'P Kp 7: P Dee per (P), (2.18) 
with 
IG fo ay i lim — (ate Gr(p+4) —m)rGP(P—4)— MT, 
+0 (27)! ((p+4)* + m?—ie) ((P—h)°+ M2 —ie) (Fie) 
(2-19) 
Following Feynman and Schwinger, we transform this into the form 
Kars PT)= lim — : ee fatel udu see os gs 
++0 (27)4 (4° + 72 —ie)$ 
AG PUR) — mr GP(P+UR)— My Arr Tyly}, 220) 
putting 
R=R ‘ ; —i+2 _1l-v 
(vp, P) of ae (2.21) 


R=R (UP) = — R= (=22) m ne (52) a 41 Y pp, (2.22) 
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Then, using the formulae 


, 1 : QF 
lim\ d'k = 2777( log a), 
e>+0 (4° +m? —1e)* i( o§ m 
ab # (108 32 mae 1) tor’ 2=0, (2.23) 
lim udu\ dh - = ——= i Fmain 
€>+0J 0 (Acris he sal toe Ang | 23 
Qume- 
we get 
“ 2k 2k 5 Wm M? + 1? +26P | 
5 a= max o max F. =< F 
K(p7;P.0) pes + log—mt + 4 7 
rials — 24 ogg gS +o 
min 


een (7p) He ReRGR? a a) 


—(F,—F:) (rp) LP) + @P) TA) IGT) 
+ Eph EF) (7p) (L) GP) + Fe 2F 4+ F) (FP) EP) GT} 
(2.24) 
where F, and G are defined by 


1 on 
aS eee ONO) .), 
F,=F,( PP) fe “Ea, pP) : 


and 

1 ote PP) (2.25) 
“Ev ion aN 

Thus, combining the above results for 2, Z® and K(p~,7; 21), we obtain 
for the second order effective Hamiltonian the following expression 


G=G(pP)=|_& 


VP (4) = Vx? (4%) attra + VP (2) intra + V¥? (4) sites (2.26) 
with 
2k 2 Ames 
(2) — a max + 1 
F (x) ultra arn +" og M ) 
x gO (x) G(x) PBay, DP (*) Y (~) +conj., (2.27) 
and 


M 
VLA 
P () mma = Ele ge +08 ge =e 


oD (2) 9 (4) BB Q—PPFa(2)¥ (2) +c0nj. (228) 
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Here we have omitted writing down a lengthy expression for the finite term, — 


7 (£)anitee The relation 
4—yyr T= Suv Qe (2.29) 


has been used in deriving (2.27). p, and P, in (2.28) are to be interpreted as 
the differential operator, —20/x,, operating on ¢(7) and on F (x), respectively. 
The two divergent terms, (2.27) and (2.28), will be discussed in the suc- 


ceeding sections. 


§ 3. Infrared divergence 


From the general considerations on the infrared catastrophe it is expected 
that the infrared divergence involved in the virtual photon processes will present 
no difficulty but serve to cancel that which appears in the real photon processes. 
In this section we shall confirm that this is actually the case, confining ourselves 
to the case of neutron decay for simplicity. 

Let us first evaluate the contribution of V¥?(+) intra to the rate of beta decay. | 
This is obtained by substituting (2.28) into (2.7), using the following Fourier | 
integral representations for the vacuum expectation values, and the one neutron 
expectation value averaged over two possible spin orientations, of bilinear products 
of wave functions: 


(p(x) (2’) oP = SS (27) sf atpa + ne) (izp— mm) cP =-*), 
(F(2)09(2')o=— ny] dgB(g +7) SLO Gro—n) Jee”, 


(F (2) ¥ (2'))o=— Qn) “| pong P8(P*+ M*) ((EP—Myee-, (3.1) 
and 
: D Lectncdicas 
ne (®(+)00(2’)),=— 40, nO a ew, 


where V7, stands for the volume of the whole three dimensional space in which 
the neutron is assumed to be at rest before decay, » and NV denoting the neutrino 
mass and the neutron mass, respectively. The result can be written as 
OW int — a0 mM M 4 9 2 
. : g—— +log—_ d m 
4Q,(27)° Amin : 2hmin Bo>0 pied ) 


x | dtPO(P + Mt) |, <,2199(g+7°)8(O+9—P—p) SLB irp—m) 
x # (irq—n) S,[BGI'P—M)B' (i Q—N)](2—pPF,), (32) 
where O= (0, 0,0, tN) is the 4-momentum of the neutron, and ~, —g, and P 


RAT 


Radiative Correction to Decay Processes, II 1021 


represent those of the decay products, i.e., of an electron, and an antineutrino, 
and a proton, respectively. : 


The rate of neutron decay that is accompanied by emission of a real photon 
can be evaluated from (2.8) and (2.9) in a similar manner, using 
(Ay(2) Ava) )o=Su(2e)*|  dteaceeyetre (3.3) 
ko>0 
besides (3.1). The result is 


deme | a*oo( 7 2 | 4 2 2 | 4 9 9 
TS CERNE co SCRE) cc EL 1 aC 


x {92 120(£)3(Q+9—P—p—){ (Pk) SLB Grp —™) 8 (rq—n)] 

x S[BGP(P+2) —M)T,GPP—M) 0, GI(P+4)—M)B WLO-N)] 

+ (ph) °S,[ 8 (ir (+4) —m) ri —) 7. G7 (P44) —™)B CGt9—2)]] 

x S,{BGIP—M)B' (i?Q—N)] 

—2( ph) (PA) AS [Bip —) rn (i (D+ 4) —m) B Crq—”) ] 

x S[BGI(P+h)—-M)0,G0P—M)B GQ—-N)}}, (3.4) 


in which & is this time the 4-momentum ot a real photon. 

The above & integral converges in the high frequency region, but diverges 
near the low frequency end. Its behavior of divergence can most easily be seen 
by putting 4=0 in 0(Q+¢g—P—p— k) and the traces: 


= ag® 4 2 2 PS EF: 2 Do g+v 
ety aa a fihh +m) Lin Ae Was 90\ Gakgie) 
x 6(Q+9—P—p)S. Sate tte ee = 
i 2pP 
=| ake #)| stags ty SEES ' 3.5 
<n PON Ga GO or oe) 
of which the last & integral can be written, after the integration over angles, in 
the form 
i m 2poP _9(*°dk 
one 420 (k° Ay 2—pPF 3.6 
nod! peas Sie arts (pk)? (ph) war fre i nd Geen 


On comparing (3.5) and (3. 6) with (3.2), it turns out that the infrared 
divergence disappeais fiom the total radiative correction. 
§4. Ultraviolet divergence 


From (2.3) ond (2.27) it is noticed that V7{?(4) attra Contains an extra sedin- 
ion, SyyQunw as compared with (+). This sedinion brings about change in the 
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type of coupling, as shown in the lowest row of the Table in §2. Consequently, 
the ultraviolet divergence involved in V,{%(x) can not be removed with the use 
of the idea of renormalization of the coupling constant, g, so far as a single type 
is assumed for the coupling between lepton and nucleon. 

There is, however, a possibility of removing the divergence with, or even 
without, the use of the idea of g-renormalization, if it is allowed to mix several 


types of coupling. 
Consider that the Hamiltonian for decay is given by 


V(4) = 9 (x)G(4) SiehBY (4) F (x) + conj., (4.1) 
with 5 . 
Se =—f4 Ful « + LF ey dipv— Sool sl sal pt Lots! s (4.2) 


instead of (2.3). Then we shall have ; 
ee (ans= OBE C@)C 3 ep Be, wl eT UD + coaj., (4.3) | 
with 
S1gP Boy Dw = 24,1 +7503) +6 (Se— Se) At rll 
a (2:4 Loe — 8.1) Fer Dips (4.4) 
in place of (2.27), putting for brevity 


eee cee | yy ae = 
Ta (og = + log a Ge (4.5) 


wt vi! 


If we take a viewpoint that Vj (7) tra can be ascribed to the modifications 
of the coupling constants, it follows from comparison of (4.1) and (4.2) with 
(4.3) and (4.4) that they should be chosen as below: 


Nn ¢ 
09,= 0g,,.=24Ce,, 
Fd 
08,= C( $+ Srs—8%), (4.6) 
and 
’ ba) 
0g_,.= O2.— 6C( Sv— Spr, . (4 7) 


ppeae relations indicate that the five types of coupling can be classified into 
two independent sets, members of each set being mutually interrelated: (i) The 
vector and the pseudovector couplings constitute one set, while (ii) the scalar 
the pseudoscalar, and the tensor couplings belong to the other. Let us there 
fore, assign a single coupling constant to each set and seek the weight that 
must be attached to its members so as to remove the divergence difficulty. with, 


or with izati 
out, the procedure of 1:enormalization of the coupling constants 
The results are as follows: | 
] 


(ia) S0=Sm=)\, of=0, 
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(ib) f= —£n=h 5f=12CF, 
Gia) £e= Sn =, dg=0, 

(iib) £1= 8s = 68) dg=4Cg, 
(iic) Se=Sps= — 268) dg= —12Cg, 


of which the first two refer to the set of 
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(4.8) 


the vector and the pseudovector coup!- 


ings, while the remaining three to the set of scalar, the pseudoscalar, and the 


tensor couplings. 


It is, however, to be noted that the renormalization of the coupling constant 
lacks in uniqueness, like in the case of meson decay dealt with in the first past 


of this paper. 


The only mixtures that require no renormalization of the coupling constant 
are given by the following three combinations of (ia) with (iia) - 


(4.9) 


i —— = == 
(i) rom Spr ef Ss Sps St 0; 

ii OF OO aa = — 0. = es 
(ii) Su Sp 0, Ss Sps ‘Ss ia 

ill oe = = — CO. = —— 
(iii) Su— Spv ’ Sa Sps ‘S) £:=9. 


But there is no experimental evidence that suppo ts these mixtures of couplings. 
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§ 1. Introduction 


Recent development of the Tomonaga-Schwinger theory enabled us to calculate 
various processes in a completely covariant manner. As is well-known, however, 
it inherits the divergence difficulties of older theories without any improvement, 
which come from the singular behavior of D-functions employed. Furthermore, 
we are often encountered with cases in which results of computation contradict 
with such formal requirements as gauge invariance, divergence theorem, and 
equivalence theorem”. Though closely related to the divergence difficulty, the 
latter has some special feature which makes it distinguished from the former, 
and therefore is treated separately under the name of améiguity of the present 
field theories with which we shall be concerned in this note. 

This difficulty has bothered many physicists from the early stage of the 
Tomonaga-Schwinger theory and various efforts have been made to remove or 
circumvent it. One of them is the regularization method proposed by Pauli and 
Villars” which is effective in eliminating any undesirable term under suitable 
conditions. It seems to be unreliable, however, since it has no definite rule in 
itself to set up such conditions”, even if we disregard the fact that it does 
contradict with concepts of present field theories. Another trial is one which 
consists in mixing several fields under some conditions.” These fields are supposed 
to interact themselves with real coupling constants. Although favored by the 
problem of photon self-energy, this method will not be powerful in removing 
ambiguities in other general cases. To make the matter worse, it is most 
probable that the mixing procedure does not stop and close by finite steps and 
further it cannot be valid any more in higher order approximations than the second. 

Recently, Katayama treated this problem from a different point of view. 
He wants to remove the ambiguity not through drastic modification of the usual 
theory but merely assigning appropriate values to some integrals of singular 
functions. This method is surely elementary, but it seems to be more instructive 
and profitable than others to take the complication of our present knowledge into 
order. Though he was successful within the range of his investigation, his result 
seems to be devoid of enough rational foundation, since his conditions were not 
derived from general consideration and he only tested their usefulness with some 


jah 
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(not all) examples. It is the aim of our investigation to grasp the problem in 
its general feature and find out whether his conditions are sufficient or not. 

The problem of ambiguity occurs most frequently when several bosons interact 
through virtual fermion fields*. The representative process is that described by 
a Feynman-Dyson diagram which consists of a closed fermion loop with (x+1)- 
vertices on it and (z+1)-boson lines running out from them. The corresponding 
matrix. is 


S 
I 
e_; 


AX AL,» AX _T (45) UV, (%) sont/ (4) 


n 
x Sat >a S(%— 41) 1S (41—%2) yD; S? (a4y— Sead garreed w (%a— 20) Ty} 

(1) 
where U,(4),-:*» Un(4n) represent potentials of boson fields or their space-time 
derivatives and I",’s mean 1, 7p) Zw 7uys OF 7s Corresponding to scalar, vector, 
tensor, pseudovector, or pseudoscalar coupling, respectively. Sometimes it is 
necessary to consider not a single diagram but a set of correlating diagrams. 
But for simplicity we shall not take such general cases into account since an 
essential feature of our problem will be exhausted by this simplified treatment. 
As is well-known, M is often a divergent integral. In general, we do not know 
at all what value should be ascribed to M and thus no clue to study the problem 
of ambiguity. In some special cases, however, it can be proved that M should 
be subject to certain restrictions. They are the requirements of gauge invariance 
when photon fields appear among U,(x;), divergence theorem for the vector 
coupling of scalar meson, and equivalence theorem between pseudoscalar and 
pseudovector couplings of pseudoscalar meson. (There are some Cases in which 
the latter two theorems do not hold.) These three requirements are ali alike 
mathematically and proved in the following formal manner. Let us assume for 


example that I; is 7, (vector type) and U, (x) =52-T.(a). Then, integrating 
1p. 


by parts, (1) can be rewritten as 


ao 


M=— dx yh Ak Uy (%0) U3 (#,) "UO n(4n) 


Bet a = [Ss (4-41) 7p (x4,— 49) De PS (%n—%o) rh 
Vad 


¢ dx dx,--dx,U4(%5) ou, (2) Oy (Fn) 


—-o 


| 
x Sf 3] (2-5 oad 25 HH) Sr) 


0% 


* Other types of interaction can be treated in a similar way. 
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+5 (%—a)(te52-+ #)S (4,— 42) aes (%,—%o) ie (2) 
Oty 
In order to complete our proof we have only to use the trivial identity 


a dx ht +d _@U (4p) Oy (4) On (4) 


x 5,,{3:[ 2-5 aoa) 425 (Ho) |S 4) Far LS (a 20) 9} 


O41 
= deg --diryU ya) U (24) Un 2m) 


x S,{ OS (%— 42) To LS (4n—40) Lot» (3) 


which is a direct consequence of the properties of S(#) and S(+): 
(72-+ x)5(#)=—0(2), 
Ox 


(72 +x)S(x) =0. (4) 


The case when /} is of a pseudovector type can be treated in the same way. 
It is thus evident that the result of actual calculation of (1) must satisfy gauge 
invariance, etc. if this method of calculation does not violate the relation (3). 
In fact, methods employed heretofore are contradictory with formal requirements 
and therefore with the equation (3). Let us see in the following section how 
the equation (3) is destroyed in the practical calculation (performed in the 
momentum representation). 


§2. Calculations and discussions 


The most familiar way to evaluate (1) is to express M in the momentum 
representation using 


S(a)= jae em iyk—x 


(27)! Bee 
; am l res ° 9 
S%(2) Parents (izk-x)O(E+2), 
U (a) =Oe es. (5) 


Then (1) becomes 
M= | dhvdk dg B(e Media) SA (rb; —x) Pye 


a 3(k2+2) ) 
Ae (ho +2°) (Kate) (Kis +2) + +2") ) - 


aes iden 
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In this and the following formulas, it is to be understood that suffixes differing 
prota eich etnies by some multiples of 2+1 are identical. As to the last bracket 
in (6) it is found that it is equal to 


1 da, iL da a 
tate Pag, LEn( __ 1) "7 8™ (2 2 
2 9. ==) 2 ( » m9 ic + 28 £7") CD)” 
with 
(Fs Eyres £,) = (+4, l—a, 1+ ay oe 
2 2 2 
x 1l—a,1—a, l—a,-,l+ta, ASK dee) Sa) 8) 
p) 2 2 Seas, 2 2 2 ( 
and 
nero; pad fee 
is nll 1—a;? ; ) 
4 


, 


Order of terms in the bracket (8) does not matter in our discussion at all. ¢,’s 
satisfy the equation 


n 
2 =1. 
3A (10) 
For further discussions it is convenient to make the linear substitution of variables® 
hy=kh+A; 
with fot pas 1,---, a. (11) 
A= Dp; 255s 
jxt kj 


We can easily verify the relations 


A,_,—-A.=fi 1=0, Z, ny ey (12) 
and 

21 #44,=0 (13) 

4= 


employing (10) and the conseivation of energy and momentum 
Si H=0 (13’) 


which is involved in (6). (6) is thus transformed into* 


* When the variables of integration are transformed according to (11), it becomes dubious what 
variable should be considered as having a spherically symmetrical domain of integration. Various ways 
of integration can therefore be considered besides ours. For example, Karplus and Kroll (Phys. Rev. 77 
(1950), 536) used a method which assigns non-vanishing value to surface integral that arises accompanying 
the change of variable None of them, however, may be satisfactory to remove ambiguities. 
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jael. as... Bn(—1)%,8 E ee B)S,A I Gr (b+ Ay) —2) Py} (6’) 
-1 -1 
with 

Bat 43 i Ae (15) 


i=0 


where a numerical factor and U,’s are omitted for convenience of calculation. 
Formulas given below are useful in the following calculations. It is seen from 
(8) that* 


(ig) 2 aie OD ee (16) 
0a, 


where 6,==1 or 0 according as i=0-or otherwise. From (12) and (16) we can 
deduce that 


(a, a ee are ee (17) 
0a, 


We are now prepared to continue the discussion at the end of §1. The 
left member of (3) is expressed in the momentum representation as 


M=(ael %... [ 2am (B+B)S,{ (8+ (2+4)*) M(ir(e+A)) —2) fee 
= {ae Sr..." So(—1)%,{ E+ B) 428A, + (AEB 8,42) IME BSG, A) 
(18) 


where 


Sp(4, 4) = Si (7 (4+ A;) —2) Py+1}- (18’) 


Our problem is to derive from (18) a term corresponding to the right member 
of (3). From (16) and (17) we get 


; ‘ l+a 
= ee of av Nisa f= 5 1. in (8) does not destroy the generality of our argument at all. 
- —a a 
When a a i is employed, we have only to introduce an operator 
‘ 1+aj é l—a é 
ficenae i. > Rae. Sa 
2 2, l—a,  1l—aj-, 8a; + l—a,  l—ag days, 
2 as ce tetas 5 


: a 
in place of Gest le ra In fact, this operator gives the relations 


Ao€ «= S04 —&¢ 
bag —~ m8 __ +45) a0 8 C=aa)a 
j=l daj l—a, 1—aj-, Bags, 1—a, ta em 2, | 


corresponding to (16) and (22), respectively. The entire discussions can thus be carried through in the 
Same way as is given in this paper. 


Sa eet 


So an OW ace 
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(Ao — DE.A2) 8 (+ B) = (1a) ik (E+B) (19) 
i. ay 
- where (13) is employed. Then 
Yn (Ap'— 38.42) 6 (# +B) S, (4, A) 
fe) An— 9 
= ¥ {(1—a,) 7nd"? (+ BYS Ae A), 
1 
—ae-9(@ + B){ 2 (1—ay)mm) t10(1 — a) 2-15.44). 20) 
0a, 0a, 
The second term of (20) can be rewritten as 
Edy od C) 
Ot (2+B yarn ,A 21 
pid? (E+ BY (+ Arse )Sols A) (21) 
since 
fe) 
—((1—a,) 72) = — "Gn 
0a, 
(1 —a,) 2-44) —) = —i7A= Aart AN—*)- (22) 
aa rye 
(18) thus becomes 
et ‘ ; 
u=\ae\ aas...f dan 1)%pq| (E+ BO (+B) 
ast =r 2 
+(u+ Avy 2-)3°-? (# +B) S.(b A) 
Ohy 
1 1 
+ {dé ay. diac 192 {Aamo PFD A) C8) 
-12 -12 0a, 
Integrating the last term with respect to a@,, one finds 
1 1 1% a=) 
jae| Gas,..f day (= '") (1 2,) 998-2 + B) Sp(hs AD} 
-1 2 -12 2 aj=— 
1 n 
=|ae{ Ges...) Say IMB +A + x 6A?) SHR, A’) (24) 
a | -1 = 
where €/, A/, and 7, mean valdes Ot <,, Ap and 7, tor a,=—1 respectively. 


‘This is just the right hand side of (3) in the momentum representation. It is 


the first term of (23) that destroys the validity of equation (3). We can thus 
conclude that the first term of (23) has to vanish in order that the equation (3) 


holds in the actual calculation employing the momentum variables. 
For this purpose, it is sufficient that the equation 
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ae 2¢ (E24 B)3 (24 B) +780? (2+ B)) + Ay 9 (BOE +B)) =0 (25) 


holds for /=0, 1, «+, 2, where # is a symbolical representation of an arbitrary 
product of / factors £,. When this integral is absolutely convergent, (25) is 
satisfied identically ard moreover can be divided into two conditions 


ae P{ (E+ BO" (+B) +18" (2 +4B) } =0 (26.1) 
for even / not exceeding 2 and 
fae 2 {2a (8+ B)}=0 (26. 11) 
ah, 


for odd J not exceeding 7. In the following discussion, we shall obey the 
convention that integrals of odd functions are always zero when integrated over 
all momentum space even though it is really divergent. Then (26.1) and (26.II) 
can be regarded as perfect substitutions for the condition (25). Furthe:more it 
is easily found that when 7 is even the condition (26.1) for /=m is superfluous 
for the actual proof of theorems since a condition of the same form always 
appears with opposite sign from the other part of (2) which we did not write 
explicitly to simplify our discussion. Now, since 


{azo (+B) =convergent for 2(n+1)>4 
or more generally 
ae HOM (4 +B) =convergent for 2(n+1)>/+4, (27) 


the left hand side of (26.1) converges if 
2n> 1+ 4. 


This relation surely holds when 2>4, since, for »=4, 7 can not exceed 2. 
The condition for the convergence of the integral of (26.11) is also x24. 
It is thus obvious that conditions (26.1) and (26.11) are trivial for n>A. 
For n<3 (except for the cases »=3, /=0, 1), these integrals do not converge 
in general and therefore we have to establish them as real conditions which have 
to be imposed so that the method of calculation is free from ambiguities. (It 
is a matter of course that even for »<3 we may come across with such cases 
that (26.1) and (26.11) become trivial on account of special circumstance.) We 
shall now discuss the remaining conditions in detail. 
For x=1, the conditions are / 


jae (2+ B) 8 (+B) +3(2 4B) }=0 (23.58 


and 


_ 


es} »e 
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\ae (6 (e By 0 (29) 
It is to be noted tnat (29) is equivalent to 
[ae{ a0" (e+ 8) +20(# +B) }=0 (28. 1) 
since this is obtained by contractioa of the equation 
[aes 1z,0(2 +B) }=8y, { dk +B) + 2| dkityhya! (#248). 


In the same way, conditions for ~=2 are 


(ae (+B) 0" (B+ B) +20" (2+B) }=0, (30. 1) 

jae pd" (2+ B) +20 (EL +B) }=0, (30. 11) 
and conditions for z=3 are 

jae Bi (E4B) 8" (+B) +30" (2+ B)}=0, (31.1) 

ae P42" (+B) +30" (E48) }=0. (31.11) 


Six conditions obtained above are obviously classified into two groups. Group I 
consists of (28.1), (30.1), and (31.1). They can all be derived differentiating 


the next formal identity 
[aece+ B)a(e+B)=0, a=l or 2, 


several times with respect to B. The other set II are composed of (28.11), 
(30. II), and Gla). (Asis easily seen from (26.11), these conditions merely 
mean that we must always drop surface integrals when we perform partial 
integration. In order to remove all ambiguities we need therefore two sets of 
conditions which are mutually independent and contradictory to each other. It 
is to be stressed that a single set of conditions is not sufficient.* 

In performing actual calculation, however, it may be more convenient to use 
only one of alternative definitions of indefinite integral throughout than to make 
use of both conditions at the same time. Then, in order to find unambiguous 


results, we have to employ the auxiliary conditions 
i! 

* In a recent work concerning infinite integrals (Phys. Rev. in press), Peaselee suggested that 
only the condition II was to be adopted for the treatment of divergent expressions. In our opinion, his 
method also 1s not satisfactory for the present field theories which suffer from the difficulty of divergence. 
The authors wish to thank Prof. Peaselee for the opportunity of seeing his manuscript before publication. 
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[ae(42+2B)0' (H+ B)=0 res b (32) 
[deBo" (U2 +B) =0 fore #=2, (33) 
[aeBeea” (A+ 8) =0 law ade (34) 


i.e., differences of two sets of conditions, in addition to the adopted set of condi- 
tions. (32) and (33) are nothing else but the conditions which Katayama 
discovered in his analysis of the problems of ambiguities. He proved that the 
condition (32) is sufficient to remove every ambiguous term in the case z=1, 
while he tested the effectiveness of (33) only for restricted range of examples 
belonging to 7~=2. We have confirmed here in a general manner that (33) is 
just sufficient to get rid of all possible ambiguities which appear when ”=2. 
(33) and (34) are rather curious conditions since they are actually convergent 
integrals and have definite values and —2z respectively. Use of such mathe- 
matically incorrect conditions seems to be inevitable so long as the problem of 
divergence remains unsolved. 

The authors wish to thank Messrs. G. Takeda and K. Aidzu for their valuable 


discussions. 


Note added in the proof 


Attempts to find weaker conditions than those given in this paper are made by Koba et. al. in con- 
nection with the fourth order calculation of the production of z-mesons by X-rays (not yet published). 
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§1. Introduction and summary 


Although many attempts have been made so far by various theoretical 
physicists for removing the well-known divergency-difficulties inherent to the 
quantum theory of wave fields, we unfortunately have not yet succeeded to 
derive a suitable formulation of the field theory free from the mentioned difficulties 
in a satisfactory manner. The self-consistent subtraction theory proposed by 
Bethe, Schwinger and Tomonaga” has been developed with brilliant success, in 
the field of quantum electrodynamics, in accordance with the beautiful experiments 
of Lamb and Retherford”, and Rabi and his coworkers”, but it cannot claim its 
universal validity for all kinds of wave fields accessible at present since, for 
example, the renormalization of an electric charge closely associated with the 
vacuum polarization has been shown to be entirely invalid in the vector meson 
theory”. Recently, Dirac’s new method® of field quantization associated with the 
introduction of negative energy photon has been proposed with some success to 
remove the divergency of mass term in one electron theory. Although his 
theory has entirely failed to eliminate the mentioned divergency in the hole 
theory together with the inclusion of another difficulty concerning the physical 
interpretation of negative probability, it seems to provide us a provisional but 
attractive footing for the future development of the field theory since it is based 
on the quite natural generalization of the metric in Hilbert space upon which the 
mathematical scheme of the ordinary quantum mechanics has been formulated in 
a consistent way. In fact, if Pauli’s qualitative consideration of Dirac’s theory 
mentioned above were actually correct, the self-energy, to any degree of order, 
of an electron would be brought to vanish in one electron problem”, which fact 
seems to draw much attention in view of the present situation that the provi- 
sional theories proposed so far are almost restricted merely to the second order 
self-energy. After all, since the merit or demerit of Dirac’s new method of field 
quantization should be eventually criticized only through its application to the 
various kinds of physical phenomena in a close connection with the experimental 
results, we have here worked out the fourth order self-energy of a free electron 
and the Lamb-shift, i.e., the second order radiative reaction of a bound electron 
in hydrogen atom in order to provide a useful data for judging the physical 
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contents of Dirac’s new method of field-quantization. 

According to our computation the fourth order self-energy of a free electron 
has been found to diverge, in contradistinction to Pauli’s qualitative expectation®, 
owing to the appearance of a transcendental function in the integrand involved 
in the photon-momenta iutegrals. As for the second order self-energy, however, 
the integrand of a photon-momentum in the intermediate states has always become 
of a rational function; its even part has been made to vanish by the use of 4- 
limiting process while its odd part by introducing negative energy photons 
respectively. On the other hand, since the fourth order self-energy involves two 
photons simultaneously in the intermediate states, the mutual correlations berween 
both photon-mementum vectors are shown to be responsible for the appearance 
of the irrational function in the integrand, which makes Dirac’s new method 
entirely invalid for the convergency problem. 

The Lamb shift of a hydrogen level has been worked out relativistically or 
non-relativistically by many authors”. In the relativistic derivation the renormali- 
zation of an electronic mass has been adopted to avoid the well-known divergency 
in mass term, while in the non-relativistic one, in addition, the artificial cutting- 
off of a photon momentum in the intermediate state has been introduced by 
Bethe”. In order to see whether Dirac’s new procedure is capable of introducing 
the automatic cutting-off instead of Bethe’s artificial one or not, we have worked 
out the Lamb shift of a hydrogen level in accordance with Dirac’s new method 
of field quantization, then the electronic motion being treated non-telativistically 
as in the case of Bethe: which computation seems to provide us some information 
about the limit of the usefulness of Dirac’s new procedure, though qualitative. 
The computed Lamb-shift has been found to vanish in a drastic disagreement 
with the experimental observations. 

Thus, our results reveal that Dirac’s cutting-off involved in his new field 
quantization is too severe for the second order reaction of the electromagnetic 
interaction with a free or bound electron, while, for the fourth order one, it can 
hardly suppress the corresponding divergeace in the one electron treatment. It, 
therefore, seems impossible to develop the present form of his theory without 
its essential modification. 


$2. The fourth order self-energy of a free electron 


(1) Derivation of the fourth order self-energy 


Dirac’s wave equation of an electron interacting with an electromagnetic field 
may be written, as usual, by 


DY ={cap+mceB+ Q\Y, (1) 


where 


Sf Unde aa. 1 : 
9-(2 ) eM tal A (U 2h) + U2* (he) eRe Aor) 4 
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+ (UP (W) + UF (Eypariteade @) 


Oper 0 : 

US A Ue ad alae pak p=—ifgrad, ¢ = electronic charge, m= electronic rest mass, 
0 

c=light velocity, #=Planck’s constant divided by 27, a, B=Dirac’s spin operators, 


k:, k=momentum and energy of a photon and -/=fundamental volume under 
consideration. 
Further, U7(k) and U™(k) represent the emission and absorption operators 


of a positive energy photon h, and U2(k) and US (k) those of a negative energy 
photon —&. According to Dirac’s new method of field quantization, the men- 
tioned operators have to satisfy the following commutation relations” : 


(U2.(k), U(k)]=—[U2.(k), U2 * (k= (84-88 )eos (4p —ka), (3) 


where (4,4) denotes a time-like vector which is to be put equal to zero in the 
final result. 


In the sense of the peiturbation theory, we write 


1 dN a So Yo , (4) 
where the term ¥&, is of the order ¢”* and obtain, as usual, 
(fp—cap— mc) ¥,=9, (5.1) 
(fp—cap—mcB)¥ ,=2F ,, (5.2) 
(pp—cap—mep)E,=2F », (5.3) | (5) 
(py—cap—mcpB)F = LF , (5.4) 
peep waa T= 98, (5.5) 


Wiese ste 09 oe 0 COC SOC HOC R ESCO Bee 8 SP 


corresponding to each degree of the approximations. 

We start with the state of a single electron in vacuum, i.e., Without photon 
(NV, (k) =N_(k) =0), in which V,(K) and N_(k) represent photon numbers of 
positive and negative energies respectively. Writing the corresponding photon 
eigenfunction by and the electron eigenfunction by %, we have, for the 
solution of (5.1), 


Y =U, (6) 
where Mp_=AEXDP {= (qx — 6 "Gy%o) (6)’ 


and @,q satisfy the energy equation 
gr —Cg —neci=0, (6)" 


a being the well-known spinor amplitude. 
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W, contains only states where one photon is present, while ¥, contains states 


with no photon and with two photons. Writing the eigenfunctions of these states 


W,, and ¥z. respectively, we can put 


FF sot S sxe (7) 
Similariy, we have 

VT =V +8 x, (8) 

FP =F yt Pot Puy (9) 


according to a simple consideration. 


For the computation of the fourth order self-energy, we require % only 
which is connected with the initial state %, through the intermediate states as 
shown in the following diagram. 


initial state intermediate state final state 
7 Pan 
- x 
Py meat oh ¢ :. Ps > 
Ny fs 


wr 


The intermediate states in the upper branch of the above diagram is easily found 
to make no contribution to the fourth order self energy in view of the second 
order self energy” being equal to zero, which situation is seen to save greatly 
our process of manipulation. 

From (5.2), we get 


7 =| aes yre sig [ Sgortetee) +ea(q+ #&) +mcB ig r(K)). 


V EK! V2L (gq tchh)—A(g +4) — mc 


a {(q+4k)a— (e-lg9 + Ady) x0} 


(g—chk,) + ca(q—ak) + me3 
(G—chhy)°— 8 (q—hk)*— mic* 


(a.U2(k))- 


4 q—aAk)a— (e-1 go— 4£y) xo} 
“é Jew. : 


(10) 
using the relations 
U?* (k) VY .=U2*(k) ¥,=0 (dy) 


and 


( pp—cap— mcg) = Lot cap merp (12) 


po — Cp — nic 


— 


Ph) Rte ah aR 
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Similarly, from (5.3) and (5.4), we shall be able to obtain the corresponding 


solutions Fy a 
rather lengthy 


nd W%,, respectively, which shall be omitted here owing to the 


expressions. 


Finally, substituting the obtained result for ¥, into (5.5), we have the 


following equation to be satisfied by P49: 


(fp—cap— mce°B) F p= (Te) et M CA -}. 


| 


k, k’, ki’, k/”’ 
(go +ch (hot ho! — hol’) ) 
Qch (go(ko+ ho — ho) —€F (k + k’—k”) 


(aU ?* (k")) 


+ca(q+h(k+h’—k")) +mcB (aU2*(k')) « 
+h (hokey! — hake!’ — hy hil! —Kek! + kk! + kk") : 


(g) +ch(%y +h')) +calgrth (k+k’)) +mcp (aU Tie) x 


"Qch (go hot hy) —cq (ke + Bh’) + ch (hyko! — kk’) 


+{ (4), h’), 


+{ (4), #’), 


(Go +chky) +ca(q+hk) + me'B (aU? (Kk) ) : 


2ch (gok—cak) 


E(QHA + K/BB!) yar (Ago + A bot bl — be” — hel!) 0} 
U7 (k’) : (2d, ee) ; Fees (i) 
—(—zh,, —k), U2 (k’) 3 (—-h,", het); Ur* (k’'’) \ 


U2(k') ; (Ay, We"), UT*(K") 
—>(—h!, —h'), ULE) ; (—4,"', —k"), U™ (k")} 


+4 (By Ke), UZ(K) : (hi, BI"), UOC”) 


-(—hy —B), U2(K) 5 (Al, — KI"), UT") | 


+{ (hy k), ULF) ; (ei!, he’), UF Re) 


-s(—ky, —K), U2(K) ; (—4", KW"), UPR} 


i { (hoy k), U2(k) Es k’), U2 (k’) : CHE k’’), Ur* (K'’) (Rift! Ie’), Uu™ (Bi) 


_3( ky —k), U2) 5 (—Al, WY), UR’) ; 
(—Ay", —Ki"), U2#(Ke") 5 (— A", —B"), UT (Re) | Jace. (13) 


By the use of the relation 
UP YU PG (K)U E(B E(k) Fo 


he hikem Ri hi\(y _ bikm ‘ 
= | (% ey ee ea a 40> Opener xx! at (a, a “pe \(dem “he r Verena” 


the right han 


cos (Afy>—Ak) cos (Ayko! —Ak’) Fos 
d side of the equation (13) may be simplified to 
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(A—cap—mc°B) uy = they e\(2ch) ac es (2, R oy ms a 


(ae get Ait Bf) e094 8064 1)) th 


Qoko —cQk’ go(ko+ hv’) —ca(k+k’) + ch (hh, —kk’) 
a, ot hho) +ca(q+ik) +m B (9 _ kL h/ iV ao 4s hm 
Qko—cgk He 
a, Got hho) +ca(q4+hk) +mep | (go+ch (hot 4 )) ea +4(k+k’)) +mcp 
goeo—cgke " a,(hot by!) —cq (K+) + ch keh,’ — kk’) 
a, % +chk,) +ca(q+hk) + pe" dnl 3p — ke ky Ys kikn : 
guky —cqak k,* “ee hy | 


—{ (ho!) >(— hy! —K’) | —{ (Zo B) > (— or —¥)} 


| 
SH (dy, 1) Blade => Ce I eI) | Cos (dyke! —Ak’)cos (Ape, —aik) ty » | 
(4) 

dropping the photon wave function 7)(¥% 4=%p%)) on both sides of (13). 

We, for brevity, shall take the case of an electron at rest, i.e., @=0, g.=70", | 
and further, make some rearrangements in the expression (14) by the use of | 
the commutation relations of @ matrix and the associated ones, i.e., @4a@,=fa, ete. | 
Applying to the equation manipulated as above the operator (f,+cap+mcp) | 
from the left side, we obtain ) 


che’ 
64z%g 
+2 (gq + chky(1—cos°O) + chk) (1—cos 8)) } (gy +40") + ch hyhy! (1—cos 6)? 
+ (k)' >—-h,') + (%y —— fy) = (4,; ky >—hy, —k,')]- 


(p0°— ip? — mic!) ty = eal j [ (Boke) (got ch (y+ &4')) (cos*@—1) 


COS (Ap —Ak) cos (Ah! — ak! \dkedk! up, (15) 
inserting the integration with respect to & instead of the summation, i.e., 
ee Liat 
ESS ares ———— | FIG ++ 005 q 
VE k = Gay 


where @ denotes the angle between K and k’ of photon momenta in the inter- 
mediate states. 


The equation (15) may easily be written, to the approximation of order 
e', as 
(po — op? — mic — A( MEY) (ty + tty + tty) =O, (16) 


4 

) means simply the correction of the square of the rest energy of 
an electron due to the fourth order radiative reaction, the second order mass 
Correction being zero as already shown by Dirac and Pauli”. 


where 4 (mc 
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Namely, it follows 


; Se e! i) oo 
4(m*c') =<" dky \. dk! cos (Ak) Cos (Aker) ° 
Rot ke! (hy + he) 
. AS TERED AON (OER OE 
page Acestae Fo “aes ( To chh 
& (Ly + &')? Qhk ko! 
Ol Oo 0 0 xi Jo PA ariay A “yh g(1 CHRO 
( dah! ctl Ser e rate <a) 
+ {2o: —hkyb + {hol —>— hy f + {hy ky >— fo» hy, | (17) 


in which the integrations with respect to the angular part have already been 
carried out and, further, the spatial components of four vector A have been put 
equal to zero. 

In contradistinctioa to Pauli’s expectation, me integrand in (17) is seen not 
to become of a rational function of & and }! but involves the logarithmic function, 
on account of which Pauli’s discussio1 of the convergency of the integral appearing 
in the energy of the higher order has been confirmed to be iavalid. 


(2) Discussion of the fourth order self-energy (17) 


Owing to the double integral appearing in C17) Mit twill “bea complicated 
problem to investigate in detail whether the fourth order self-energy really diverges 
or not. We, therefore, shall give a rather quali- 
tative discussion about the convergency-problem, 
showing only the outline of the rather lengthy 
and laborious computations on which the men- 
tioned discussion is based, and shall reserve the 
detailed discussion in later. 

First, we have divided the integration region 
of & and &,/ into the four paits of A,B,C and D, 
which are graphically represented in Fig. ¥ 

In the partial region denoted by A, B and 
C, the process of manipulations has to be care- 
fully performed in the neighbourhood of the poles 


Ki, 3, Ky, Kol D go] <4 


of the integrand, on account of which the integral KK ~I 
in (17) is easily shown to remain finite even in _Ky/K;, Kq/[Ky, Kol Ki’, KK 1 
the limit of 4-0. In the partial region of D, Fig) 2 


in. which Ay, Ky > 0/<%, we obtain after the 
approximate cancellation of some terms involved in the integrand, 


40 oe 
Ante) Lf dla [de cos Ck) cos Aa!) Flo f'- (18) 


Tw 
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2 / 2 hk | Qchh, fk, J 
vee oO eee H+ |tog| A 
feo ty’) [ chhyfey hl 1” | go(bot 40’) | 


hy— he!) \? 4 oho Qchk feo | (19 
ol {24 o— %o +20 llog| #8 _| ) 
s chk ky ) ky! | Go(ho—Fo ) | 


\2 


=— q n\° ox | 90. ca | {2 (4— Ay if | 20 (f,— fe! | 
= 2] {Seo A)} tog) la A) + oy 0 0) 08 a 0 0) 


k lo | Zot ho | (19)’ 


After dropping the bounded integrals involved in (18), we get finally 


4 oo o / , ; 
Amc ~ a4) ak, | dk)! cos (Ako) cos(Agks’) ko log) hotho | 
Qi? Ks Ky! ky! 


” | ky — ho! 
4 © o iz ri 
=<, dk, | de! cos Ay (by + y!) +005 dy — hy’) 2, log| “2 #0|, (20) 
An?) m Ky &, ky—Fel | 


where it may be quite ambiguous even for the dropped integrals of finite value 
to remain finite in the limit of 4,=0. The integral in (20) is easily seen to 
become of divergence according to the integration path in the two dimensional 
domain of £ and #&. Thus we may conclude that the fourth order self energy 
of a free electron may be considered to be hardly possible to be made finite in 
contradistinction to Pauli’s rather qualitative consideration. 


§3. Lamb shift 


For the accurate treatment of the Lamb shift it is required to carry out the 
relativistic treatment of a bound election as shown in Tomonaga and Schwinger’s 
covariant formalism. In order to investigate whether Dirac’s cutting-off involved 
in his new method of field-quantization may actually give rise to the Lamb shift 
or not, we have here worked out, as a preliminary, the non-relativistic theory of 
the Lamb shift by the use of Dirac’s new procedure instead of Bethe’s artificial 
cutting-off. 


As is well-known, the electromagnetic self-energy to the second order of 
an electron in the Coulomb field may be given by 


AWS (ate 3) —_| Ven) _ (21) 
Tent n,8; ko( 4,—£,, + chhy) 

where 7 denotes each of the intermediate states of an electron, the summation 
over stands for the discrete or continuous values ‘of 7 according to whether 
there appear discrete or continuous states of the hydrogen atom, 8,(i=1, 2) 
represents the polarization unit vector corresponding to each of the transverse 
waves, &,, and E, are the energies of the stationary states m and ». Writing 
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the corresponding eigenfunctions by ¢, (a) and ¢n(a), we get 
Van (He) = | ys (ae) (sep) a0) de. (22) 


Introducing into (21) the a-process and the negative energy photon according 
to Dirac’s new procedure, it follows 


Ertcrt J nnd, by(En—Emtchhy) by En—En— cho) Cos (Ae): 


Cw” 


(23) 


Using the relation 


| Fan (He)? = | | (sev* hn (ar) )*¥n (or) a (a0?) FR —® (8p) * Ym 90") dove’, 
the equation (23) may be transformed into the following form 


cs - i sin ea6\ "a0 ms y | | acct’ (8,p* Pn (H))*Pn (a) fn* (90) ° 


2 
An cur 2,8; 


4W,= 


“| py hone) ra ag ee oe 


arse] 
(8,p'* $m (a’)) E,—Entchky En—bm — chk 


0 


}cos (Ayko) dts), (24) 


where the integration with respect to photon momenta is expressed by polar 
coordinates (dk=£,'d, sin @d6dP) and &=0 which means the adoption of a 
specified Lorentz frame. The last integral with respect to % may easily be 
carried out by the use of the contour integral method and takes the following 
form 


_ it op — Fyfe i{hw—w) + bo} (En— 2m) — o# Key BP) oh} (Ene Ew) 
2 ( m) ko ko ’ 


(25) 
which is valid under the condition of —A, a (a—a’) <A. The mentioned coa- 


dition does not destroy the generality of bik result for the reason that the most 
predominant contribution of the integral with respect to a’ comes from the region 
of a =a. 

Putting (25) and E,m=Afm into (24), and further, carrying out the +’- 
integration, we get, after performing the sum over 7” in accordance with the 
normalization condition S31, (H) Yn* (20") =d0(a—a’), 

n 


Die esi ed0 (20% 33 | drs oo) sa sin { 4 — Ey) | — En) P* $n ()> 
An®cm* Jo 0 28, 
(26) 
which is reduced to the following form 
Wiha Boe te ee $1 aay sin {4y(En— En) (Ex En)» 27) 
4n°cm? Jo 0 2s.,n 
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by making use of 


8, Dein at) = Sala I): O4= [ho (00), Pm 30) be 
E: in B,— Ba) 9) 1,*(ce) arb, (adr, (28) 
and the oithogonal relation — 
j by. (a0) Par (a0) dae =B yn. (29) 


The Lamb-shift due to the reaction of the electromagnetic interaction with the 
vacuum fluctuation may be considered to be given by (27), the electromagnetic 
mass term of the second order being equal to zeio according to Pauli and Dirac. 

To pioceed further our computation, we shall take, in the following work, 
the Lamb-shift of 2S-level of hydrogen atom, in which case we have 


Sa,*en=(%) (E,—Eq)'| = (1—sin?sin*@) +1 (cost) |(r2s =~ (30) 


Si 


and 


rb=["Raal)Reole)rdr, (31) 


R,1(r) being the radial eigenfunction of the hydiogen atom. 
Putting (30) into (27), we get finally 


Fie MPO eS ,1\2¢ in :$ 
AW => St (%) SURE. L,)sin (4(E—-E)}- (82) 
For the case of discrete states with negative energies the matrix elements 


of (31) are easily evaluated with the hydrogen eigenfunction, which results are 
of the following form”. 


n1y2_ 7, 2.2 (#?—1) (n—2)"— 
(x 0) a (n $26 « (33) 


Substituting (33) into (32), we get 


AW, aise. = Adis + (%)xe- n'(2'—1) (u—2)""* 
0 n 


Anca? (m+ 2)*6 (Z,—£,)* sin {4,(Z,—£,) } 
AW Ae (ral EG ae 


on SEND @ 


in which, for finite 7 however large, the summands in (34) approach zero term 
by term in the limit of 24,=0, while, for the range of infinitely large x, the 
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seifes:in (34) may be approximately reduced to 
UZ ale aretod, 

(GQ) a) eG hs} 25 


which is also clearly seen to vanish in the limit of 4,=0. 
Thus:we have 


“a 


ra 


A Wee aise, =0. (35) 


The summation over the continuous values of 2 is, for convenience, divided 
into two parts; the one coiresponding to the x values of large positive energies 
while the other to those of small positive energies respectively. For the former 
the matrix elements (31) may be evaluated approximately with the asymptotic 
eigenfunction” 


Cue t 
fo Sores (&—-=), (36) 


where & denotes the electron momentum related with the energy by & = hh? /2m, 
and for the latter the accurate eigenfunction” of 


V2Z, kr) . 
pes ee 2) Fin! +2, 4, ikr) (36)’ 


may be taken, where 2’=(ak)™, a= —Bohr’s radius and F(a, 8,7) represents the 
confluent hypergeometric function. Then the summation over # may be replaced 
by the integration with respect to E, and then we have 


— he {1 sin AEo, 1 pal /% -{" £052 ax | (37) 
Ancm? \2 Et 0 


for the former case of large positive energies, in which #, denotes the minimum 
energy for the expression (36) to be valid approximately, and, fuither, for the 
latter case of small positive energies (<4), it follows 


ke Am (m~ ) rae Ei j= h yor AI 4) ( tk+ 2/2a\'- 
Wee A Z — Tes 
Ancm ces ioe gant “Eeag (%—-Z) eoay, ( 
Qa 


2—in' wk 5! ik+Z/2a\-™—" 1 (2—in')2 2k 
_ — ~ — + 
4 “28 a zy ae ( diy gpd 
(i 2a 
ecitacitys | Fee ein tak Bee Pad. 38 
ae (4) (E,— Ez)? sin {2o(E,— Er) } (38) 


Both expressions (37) ard (38) may be readily shown to become zero in 
the limit of 24,=0, which leads to 


Was coun. = 0.- (39) 
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Thus, we obtain by an application of Dirac’s new procedure of field quantiza- 


tion to the second oider self energy of a bound electron, 
4W,,=9, (40) 


being in a drastic disagreement with the experimental result of Lamb and 


Retherford. 
In conclusion it may be inferred from our results obtained above that Dirac’s 


new procedure of field-quantization seems to cancell out all effects of the second 
order self-energies but fail completely to make finite the effects of the higher 


order self-energies in the one electron treatment. 
The work here repoited has been suppoited by the Scientific Research 


Expenditure of the Education Ministry. 
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Note on the Infrared Catastrophe 
T. Kinoshita 


Department of Physics, Tokyo University 


October 29, 1950 


It is well-known that the so-called “ infra- 
red catastrophe’ which one encounters in the 
evaluation of various processes involving real 
as well as virtual quanta is, as a matter of 
fact, an apparent difficulty resulting from inap- 


Fig. 1. 


correction to the elastic scattering of an elec- 
tron scattered by a fixed center of force. 
This process consists of two parts: 1) An 
incident electron (with momentum py, LW= 
1, 2, 3, 4) is scattered by the scattering center 
into a final state (qu—ky) accompanied by 
an emission of a light quantum (4,). Squar- 
ing the marix element for this process one 
obtains a cross section of the order ¢’/he. 2) 
During the incident electron (p, ) is scattered 
into a final one (q,), 4 virtual quantum is 
emitted and reabsorbed by this electron and 
it does not exist in the final state. This 
process gives an e*/#e modification of the 
matrix element for the elastic scattering and 
is combined with the latter to give an e*/he 
correction to the original cross section. As 
is easily seen from the unitarity of the S- 
matrix, the sum of these cross sections is 
proportional to the collection of real parts of 
the matrix elements corresponding to the four 
diagrams in Fig. 1. Each diagram involves 
both processes described above, and, therefore, 
it is expected that the divergences of matrix 


propriate treatment of low frequency quanta 
and it always disappears when one takes 
into accout all relating processes that give 
contributions to the cross section considered”. 
But there has been no convincing explanation 
why such cancellation of infrared catastrophe 
always occurs. In this note we want to 
give some results of considerations about the 
mechanism of this phenomenon from the view 
point of the Tomonaga-Schwinger theory. 
As the simplest example, we shall first be 
concerned with the second order radiative 


elements at the low frequency end of the 
light quantum cancel themselves ineach case. 
Too see that this is really so, let us fix our 
eyes on the matrix element corresponding to 
the diagram in the Fig. la. This matrix 
element is, according to the Feynman’s rule”, 
proportional to 


eee x i Lay’ —*%x 
(—1t)? \dk U(p)Tv oe 7, Ay*(p 
iv ir(q—k)—* irqg—* 
q) (q—k)it+x2—is ©" g?+x?—te is 
ul 
x Ar*(q—p)ul p)za=Fe (1) 


(x is the number of vertices which is 4 in 
this case; A,* is a Fourier component of the 
scattering potential. ) Evidently the non-vani- 
shing term of the real part of (1) is 


n?\ dk a(p)rulir(p—k)—*)1vAv" (p-) 


x (ir (q—-k) —x)ruCirq—-O Tv Av Q—p)ulp) 
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x[ (Cp—Bt+ x18 G— B+) (GF +H) 
x 0(k*) 


+ (pki te) (qk +2) 8G +e) 
x O(k*) 


+ (pb) +22) “8 (GP) +8 GE +*) 
x(k) 


+8((p—k)? +27) (Qk) +) 8G +x) 
(| 


since 


lim—=P (+) +ix d(x). (2) 


Ep» +00 — ve 


(P means the principal value.) The first 
term in the square bracket gives the cross 
section for emission of a real photon and the 
other three terms give contributions coming 
from virtual one. We shall now limit our- 
selves to the domain of integration in which 
ky~0. As is easily seen from (2), the third 
and the fourth terms which do not involve a 
factor O(k*) are convergent at the low fre- 
quency end and can be omitted from the 
following considerations. In the numerator 
of (2), moreover, we can safely neglect 
terms which involve several ky’s. Thus (2) 
can be simplified to 


nul p)reCirp—x)ry 4 Cirg—* rp Cirq—-*) 
7x4, u(p) 


x Jde(Cp—K)2+2°) 0K (ght x2) d((q 
HY bat) + (gk) +37)! Fge+x*) | (4) 


fo k,~-0. This integral is now easily seen 
to be convergent for | &|—0 


Jak CCp—b)* +4) “8K GP x2)8((qQ— 
B+) + (QB) +x) -8G +4) | 


= \dk(—2pk)- 3(&2| (2qk)~"(q?+-x2— 29k) 
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+ (29h) "8+ *) | 


~ | dk (—2pk)~18 (R*) (2gk)-"(—2gk) 8’ (q? +x") 


dk 
= {os ©) 
where p°+x°=0 is employed. It is thus 
shown that there appears no infrared catas- 
trophe in this process. The same result holds 
as well for other diagrams in the Fig. 1. 
(However, Fig. Ic has to be treated more 
carefully since it involves a graph of mass 
renormalization type.) It is easy to extend 
this method to the general cases involving 
arbitrary number of light quanta and to arrive 
at the same conclusion (irrespective of the 
type of particles interacting with the electro- 
magnetic field). 

The present analysis has made clear the 
reason why the infrared catastrophe once ap- 
pears in every radiative process, and yet it 
always disappears when one takes all relating 
processes into account. The answer is: Because 
it does not exist at all from beginning. We 
have to remind ourselves, however, of the 
fact that another important feature of the in- 
frared problem, that is, the vanishing of the 
cross section for emission of finite number 
of photons, is not touched at all in this treat- 
ment. 

It is to be noted that the Feynman’s method 
of integration which is now extensively em- 
ployed is not legitimate in a strict sense. 
This method consists in uniting the denomina- 
tors of (1) into a single term making use of 
the obvious formula 


a-"-"= [du (au+b1—u))-*. (6) 


Then the origin of the k-space is translated 
so that one can utilize the spherical sym- 
metry with respect to the integration variables. 
Such a translation, however, reduces the 
possible “displaced poles in the integrand 
of (1) to the ordinary poles and thus the 


—— ees 


\ bee 
ah 
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result of this integration may be different from 
the original (1) by a finite contribution aris- 
ing from the residue of these poles. One 
can see with ease that the first term in the 
square bracket of (2) appears just in this 
way and would try to evaluate the Feynman’s 
method without care. 

Detailed account about this problem will 
be published in a later issue of this journal. 
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Note on the Magnetic Resonance 
Absorption in Paramagnetic Salts’ 


K. Yosida 


Physical Institute, Osaka University 


November 10, 1950. 


The paramagnetic anisotropy of copper sul- 
fate CuSO,-5H.O was investigated by K.S. 
Krishnan and A. Mookherji,” and its crystal 
structure was determined by C. A. Beevers 
and H. Lipson.” 
found that this substance contains two copper 
jons in a unit which are each situated in the 
center of the octahedron constructed from 
four H.O molecules at the corners of a square 
and two oxygen ions on a straight line drawn 
perpendicular to it through its center. There- 
fore, each copper ion is situated at a center 
of tetragonal symmetry. The tetragonal axes 
of two octahedrons in a unit cell are not 
parallel but are almost perpendicular to each 
other so that all the copper ions in the cry- 
stal are divided into two groups. As each 
group has the tetragonal symmetry with res- 
pect to its own tetragonal axis, the magnetic 
anisotropy of the whole crystal be derived 


Frem their works it was 


1047 


from that of the system of the two tetragonal 
groups whose orientations are mutually dif- 
erent with respect to each other. Based on 
this model D. Polder® calculated the parama- 
gnetic susceptibilities of this substance, the 
values of which are in good accordance with 
experimental ones. 

Now let Z, and Z, be the two tetragonal 
axes and 2¢ the angle between them. The 
two bisectors of the angle between Z, and 2, 
in the plane containing them and the axis 
perpendicular to that plane are then three 
magnetic principal axes a, , rT. The three 
principal Landé factors ga, 9s, gr are given by 


9 


Ja =" cos? +91" sin? ¢, 
gs = 917 sin’O+g.° cos? %, (1) 
Gr =I 4 


where g, and g, are respectively the Landé 
factors parallel and perpendicular to the te- 
tragonal axis of each group. In general, 
using the angle 0; between Z; and the ap- 
plied magnetic field H, we obtain for the 
Landé factor parallel to H 


I. =91- cos” Gitgs? sin=202, (2) 


This formula shows that in the case the ma- 
gnetic field is applied perpendicular to B- 
axis, the g-values of the two tetragonal groups 
are equal but that they are different in the 
case H is perpendicular to y-axis. Accor- 
dingly, two magnetic resonance lines should 
appear in the latter case, corresponding to 
two different values of g. These circumstances 
remain the same for CuK,(SO,).°6H.O which 
has also two tetragonal groups. 

In a microwave experiment with a wave- 
length of 83cm, R. D. Arnold and A. F. Kip? 
found in fact that two resonance lines ap- 
pear for CuK,(SO,).°6H20, although it is 
not the case for CuSO,-5H,O. They pointed 
out that the absence of the separation of the 
resonance line for the latter case is due to 
the exchange coupling, since the resonance 
line width is more narrow and the nearest 
Cu-Cu distance smaller for CuSO ,+5H,O than 
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for CuK,(SO,)2°6H20. 

Recently, however, it was found with a 
shorter wave-length of Icm that even in Cu 
SO,-5H.O the resonance line separates. In 
similar substances like CuK»Cl,-2He-O and 
Cu(NH,)+ Cl,-2H:O the same effect is re- 
ported”, namely that the resonance line se- 
parates for a sufficiently short wave-length. 
These results appear to show that it is the 
ratio of the strength of the exchange coupling 
to that of the resonance magnetic field, which 
is inversely proportional to the wave-length, 
which determines the separation of the reso- 
nance line. 

To explain the above mentioned effect in 
a qualitative way, let us consider as a simplest 
model a system that consists of only two 
copper ions, belonging each to the two dif- 
ferent tetragonal groups. The g-values are 
in general different for these two ions and 
are dependent on the angle between Z; and 
the applied magnetic field direction. 

The Hamiltonian of this two spin system 
with a magnetic field applied parallel to z- 
axis can be approximated as follows: 


H=BH(g\S,.+ 92502) +2I(S,*S2), (3) 


where £8, H, S, J denote, as usual, Bohr 
magneton, field strength, spin vector and ex- 
change integral, and g, and ge are Landé 
factors for the two ions which are generally 
different. In this equation the first term re- 
presents the Zeeman energy and the second 
the exchange energy. Excluding constant 
terms, Eq. (3) can be written as 


H=89,H(S.—7So ey +J5S°, 4 (3”) 


where 
: q2 ae 3 | 
= |e ’ S=S,+ Se. 
di 
In the case of S,=S,=1/2, as is the case 
for Cut*, the eigenvalues of this Hamiltonian 


can immediately be obtained as follows : 


S=0,8.=0, Fyo=J— (F244 Big, H27)% 
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1 
S=1, 8,=—-1, F,,-.=2J—6g,HA—31)- 
$1, $.=0, Fyo=J+ ghar), @ 


1 
S=1,S8.=1, E,,,=2J+89,HA— 97). 


On account of the selection rule for S,.+ 
Se,=S,, only two following transitions are 
allowed between the above four energy levels. 
(S=1, S.=—1)—>(S=1, S.=9) 

A-transition, 
(S=1, S.=0)—>(S=1, S.=1) 
B-transition. 


From Eqs. (4), the energies absorbed by A- 
and B-transition, hy, and Avg, are respec- 
tively given by 


hva=Eye— Ey = I+ (P+ 4 Pe Lr) 
— 2+ BHA 37); 

hy n= Ey) —E,9=2I+ 89, H— 51) —J— 
(P44 Bof Her) ©) 


Thus, from these equations the following 
conclusions can be derived. 


G@) g:=g: ie., y=0 In this case we obtain 
hv, =hve=89,H. (6) 


Gi) J<(/2)89,Hr Im this case, ex- 
panding the square root in power series of 
2J/8 9, Hy, the following results are obtained. 
hv4 =89,H—J+J*/9,H7, 
hyvr=8g.H+J—J*/89,Hr. @ 
In the limiting case of J—0, we can expect 


two resonance lines 8g,H and Bg:H as far 
as g, is unequal to ge. 


Giii) J>(1/2)89,Hy In this case, expanding 
the square root in power series of Bg, H7/2J, 
we get the following results: 


1 
bya ito) BH +5 SB. Hr/2I), 
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‘ ; (8) 
hve= an +92) BH — J 69, H7/27)°. 


In the limiting case of J=oo, we have only 
one resonance frequency 1/2(9,+92)8H, the 
arithmetic mean of the two resonance fre- 
quencies for the case (ii). 

The transition from the case (ii) to the 
case (iii) is determined by the condition 


1 
aa, 9 ho.Hr. (9) 


For CuSO,-5H.O, this transition point may 
exist between the wave-lengths 3cm and lcm 
Assuming that this transition point exists at 
the wavelength of 2cm and substituting 0.33 
for 9:7 =91—92 ~9 1 —Ja, We Can estimate the 
exchange integral. The value of J obtained 
in this manner is J=8.2x10-"* erg, which 
agrees in its order of magnitude with the 
value estimated by A. Wright” from the re- 
sonance frequency distribution curve of Cu 
SO,-5H.0. 

In conclusion the writer wishes to express 
his cordial thanks to Mr. M. Fujimoto for 
his valuable discussions on this problem. 
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Neutron Cross Section and Nuclear 
Shell Structure 


S, Yamabe and J. Sanada 
Department of Physics, Osaka University 
November 23, 1950 ° 


D. J. Hughes and D. Shermann” investigated 
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the radiative capture process of various 
nuclei using the fission neutrons of effective 
energy 1 MeV. They expected that the 
neutron closed shell nucleus has snmll 
capture cross section of neutron because of 
its low binding energy for an additional neu- 
tron, low excitation energy after neutron cap- 
ture, and hence small level density. Their 
experimental results indicate that the neutron 
closed shell nuclei containing 50, 82 or 126 
neutrons have very small capture cross section 
of neutrons as they expected. 

From similar point of view we will discuss 
the inelastic scattering of neutrons which is 
the other dynamical process of neutrons involv- 
ing the formation of the compound nucleus. 
H. Aoki? measured the gamma ray excitaion 
cross sections of 2.5MeV d-d neutrons for 41 
elements. ‘These cross sections, which are 
shown in Fig. 1 with open circles, may be 
regarded to be proportional to the inelastic 
scattering cross sections, considering the num- 
ber of gamma ray emitted and the efficiency 
of the detector. O, Ca, Sr, Ba, Pb and Bi, 
which are abundant in the isotope of neutron 
closed shell, have small gamma ray excitation 
cross sections. Thus we may say that the 
neutron closed shell nucleus has smaller inelas- 
tic scattering cross section than those of neigh- 
pouring nuclei. This may be accounted for 
by the situation that the neutron closed shell 
nucleus has small probability to form the 
compound nucleus with neutron because of 
wide level spacing. 

S. Kikuchi and H. Aoki” also measured the 
total scattering cross sections of 37 elements 
using the same neutron source. These data 
are plotted in Fig. 1 with closed circles. It 
is interesting that Ca, Sr and Ba, neutron 
closed shell nuclei, have comparatively large 
total scattering cross sections, in spite of their 
small gamma ray excitation cross section. 

In the above discussions we neglect the 
resonance effects by which the data may be 
affected. In fact, R. K. Adair et al*’ mea- 
sured the total scattering cross section for Ca 
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@ Total Cross section 


o Gamma ray excitation cross section 
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Total cross section in barns 


slfonite 


using neutrons below 500 keV and obtained 
very small values in the wide energy range. 
They considered the results to be the effects 
of the neutron closed shell, together with the 
total scattering cross section for K in the 
same energy region”. 

However, using heterogeneous Li-d neutrons, 
the total scattering cross sections have been 
measured in our laboratory® and the results 
abtained are similar to those of d-d neutrons. 
The measurement of the gamma ray excita- 
tion cross sections of Li-d neutrons is now 
proceeded in our laboratory. More detailed 
discussion about the relation between the 
neutron cross section and the nuclear shell 
structure will be done in connection with 
this experiment. 
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Note on the Classical Equations 
of Motion of Nucleons 


H. Kanazawa 
Department of General Culture, 
Tokyo University 
December 1, 1950 
According to the theory of action at 
a distance by Wheeler and Feynman,” the 
fields which act on a given particle arise only 
from other particles and these fields are re- 
presented by one half the retarded plus one 
half the advanced solutions of the field 
equations. We apply this theory to the 
nucleons interacting with meson fields. 
The equations of motion are derived 
from the action principle that the action 


J=DM,§ (stv) "de DS gags 
a a<d 


x j | (e —2°)u,%v""dridty di) 


is an extremum. Here r., 2:% and wv, 
denote respectively the proper time, the 
coordinates and the velocities of a nucleon 
of mass M, and mesonic charge ga. The 
symbol ay! Means xYo—2yY;—XeYo—AaYs- 
Further we put the light velocity e=1. 
4(a—a’) is a particular solution of the 
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following equation 
(0+) 4(2—2’) 
=0(2, —2z9' O(a, —2,')0(2.— 29’) 8 (a3—25 )- 


2) 
The explicit form of 4(a—2’) is given by 
Schwinger” 


= —] 
a ik wt 2 
oS apelin dha 
8h, (i) xQi2 
daw - PREP = ® 


where A=(2i:—2i’) (a*—2”) and rat, m 


being the meson mass. Defining 


eo ee 
neh neat 
we can write (1) as 


JHDIMS (vstv4 "de 0 


= PS ga\%s © (24) y**dt a. 
a<b 


Variating the path z;% of the particle a, we 
obtain the equations of motion: 


© ee yt (O98) _ jo) 
Mi: =92> ( azz! oat 


=$a 2 9 (27) u%*. (5) 


From (2) and (4) we see that gi (a) 
satisfies the equation 


(DO+%") Ge Genji), (6) 


where 
+o 
Jee) = go} v6"(tr)B (eo 20") 21" 


x O(ato— 29”) 0 (a3— 25”) ATs (7) 
is the density-current four vecter due ‘to 
particle 6. The divergence of the vector 
potential g:” (a) vanishes : 


dg. (x) _ 04 (a—2”) 
Oui goo’ Ox: dts 


= 9b fv vf 0 Ok fi) dtp 
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=n) 2 Bat —zh)os"g 4) de» 
eda d 
=-g J Fh 7, dd) deo 


H. (1) x A141 1s 
--9,[pea- pr 


-@o 


(8) 
Accordingly giz (a) satisfies the field equa- 
tion 
(b) 
oon 2) (@) _y: 29, (2) =—Anji™(2). (9) 


The fields (4) are half the sum of the 
retarded and advanced potentials of particle 6 : 


i Jnv y 
. (b) = Lee 
Gi (x) aa 9) ee 
2 t,? 
— 9» \ by,? 
=O 
{ gnve” 
vp? (a* —z 


RAG! 
Fen") 4,,} 


HAY 


J. x Ql2 
Jer aro} 


a. 


eA apecort 7 
2 40s 


I 


J fg. erect 9 @aav 
(10) 
where’rs? and ts” are. the retarded and 


advanced proper times and A=(#i—2e") 
x (at—2"*). 

Now the equations of motion can be 
written as 


Mw a sso {F(a (2) ret — Pox (2) aav ) 
+ 3 ¢” eat DY} (eeu (2%) aav 
bra b 


— in (2*) ret) ebD) 


The case which Wheeler and Feynman call 
“complete absorption” is characterized by 


pa (Yin (2) ret— 94” (2) adv ) =0. (12) 
In this case (11) becomes 


k 
Mei =O Gu?) 99 Date) 
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+ 9.20% p2 Pik . (2%) ret 
Fa 


= s a (Vito + i 


a Sive— Sev 
x { jE ade’ 


-o 
ere 
“ 
Ta 


SiVe ha Teosider } 
+ Gai » Yin” (2*) rets 
bea ° 


(13) 


where 8,=2;7(Ta) —2i:7(Ta’) and s°=8;3". 
Whereas the field theoretical calculation 
leads to the following equations of motion :® 


Ma = = Ja(v Z +0 04) +9.°x?v* 


tc 
a 840 —-SKEV 
. \ ed, (xs)dr,! 


-co 


+ gav® Dd ex” (27) ret (14) 
b+a 

The appearance of the terms in the curly 
bracket in (13) or the third term in (14) 
is related to the fact that the Huygens 
principle does not hold for the fields with 
non-vanishing rest masses. The terms in the 
curly bracket in (13) mean that the future 
as well as the past has influence upon the 
present. 

Next we consider the scattering of 
mesons by nucleons. We treat the case that 
the external forces acting on the nucleon 
have the property of the harmonic oscillation 
along a-axis: P4°t=7 COs wot, Poot = Gao 
=---=( and that the velocity of the nucleon 
is small. The solutions of (14) in this case 
are given by Bhabha.” We write the 
solutions of (13) as 


i= 7 Sin(@ot+0), 2=23=0, 2 =. 


Here we assume that o €i1 and Bp can be 


neglected. Then Vie dt “ft a) te 


=P .cos(wt+8), w= {1—(“)} "st and 


in the integrals in (18) 


89 =Zo(T) —a(t’)st—t’, 3 =2,(t)—2 (r’) 
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fe £ isin (wot +4) —sin(wet’ +8), } 
Do 


8=V 8° —8,° tl’. 
In this approximation (13) takes the form, 


—aw,6 sin(at+6) =—@,°B cos(wot+é) 
(15) 


COS( Wet), 


J 3 x 
where a-5e and P=5 53x 


{2 (2g. x3) inwyads— J 22) coswasds} 


B and cosé are determined from (15) 


3 
+wa,°8P cos(wt+ 6) +55 


ae oe Oe 
b= Woda? +P) ae} 
1—po 


— 2 LJ 
cos 6= {a?+(1— P)*0,7}'*" 


If w <x, no energy is radiated by the 
nucleon and the whole field moves in phase 
with nucleon. In raj case the effective mass 
of the nucleon is ay "fa*+(1—P)*w,?}" 
which reduces to iv if wa <x. On the other 
hand (14) gives in this limit as the effective 


mass u-£x » The above result coincides 


with that there is no self-energy according 
to the theory of action at a distance. 


1) J. A. Wheeler and R. P. Feynman, Rev. Mod. 
Phys. 17 (1945), 157; 21 (1949), 425. 

2) J. Schwinger, Phys. Rev. 75 (1949), 651. 

3) H. J. Bhabha, Proc. Roy. Soc. 172 (1939), 384 


Photo-Meson Production and 
Nucleon Isobar 
Y. Fujimoto and H. Miyazawa 
Department of Physies, University of Tokyo 
December 11, 1950 
The experiments on the production of 
mesons by X-rays” have revealed (1) 
that the neutral mesons are produced with 
cross sections similar to those for the 
charged mesons, (2) that the angular 
distribution in centre of mass system is 
nearly uniform and (8) that the excitation 
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function flatterns of for photon energies 
above ahout 250 Mev. The production cross 
section of hydrogen has been calculated by 
many authors, but all theories have been 
unsuccessful in explaining these phenomena : 
the second order perturbation theory™ predicts 
too small yield for z° as compared to z?*. 
If the contribution from the anomalous 
magnetic moment of nucleon is taken into 
account”, the total cross section for z°-pro- 
duction becomes comparable to that for z*, 
but the angular and energy dependence does 
not agree with the experiments. 

It is the purpose of this letter to point 
out that the situation is much improved if 
one assumes the existence of proton isobar. 
In the strong coupling meson theory, this 
appears as the excited state of higher spin 
or isotopic spin, and causes resonance in our 
case. Thus the proton, absorbing a photon, 
is excited to its isobar state, followed by 
the emission of charged or neutral meson. 
In the case of charge symmetry, the emission 
of charged and neutral meson from isobar 
will be equally probable, thus satisfying the 
first condition cited above. If the resonance 
level and total width of the excited state are 
suitably adjusted, the excitation function can 
be reproduced well. 

The calculations are carried out for pseudo- 
scalar symmetrical meson under the assump- 
tion of strong coupling™. For simplicity, 
we shall neglect the small oscillation near 
equilibrium position, i.¢., those described by 
p and q in Pauli and Dancoff’s paper”. The 
isobar separation E, turns out to be ax’a/g’, 
where g means the pseudo-vector coupling 
constant, and x the meson mass, and a the 
cut off radius, all in natural units. @ is a 
constant depending on the shape of the 
source function, which may be approximately 
put equal to 5, as is done in the following. 
Tio fit the experimental data, one has to put 
E,~240Mev, and the result is xa/g?~1/3. 
With this value, the neutron magnetic moment 
becomes 1.4 nuclear magneton, which is a 


reasonable agreement with the observation. 
The total width of the excited state, due to 
the emission of mesons, is 


27 (Xa \* po" 
r=3 (5) Ee 
where 

pe E,?— x2. 
There is another contribution from 7-emission, 
which .is, however, of negligible amount. 
The cross sections of proton for neutral and 

charged meson production are, 
a(n") = (2 ops 243 sin’ 


2 ES Teves cera 


dQ, 


a(n*)=5a(n"), 


respectively, where E is the energy of incident 
photon and p is the momentum of emitted 
meson, that is p?=E?—x®. For charged 
meson, owing to its current, there is another 
term 


wn M2) (BBE as 


w*=2E?+2pE cos 0 


together with the cross terms of rather 
complicated nature. The latter, however, is 
not of importance. 

Taking a about three times of the nucleon 
Compton wave length, we have g’~1, and 
[T'~50 Mev. The total cross section for at 
an incident energy of 240Mev, is ~1.5 
x10-2cm?. These values are in good 
agreement with the experiments. 

In conclusion we should emphasize the fact 
that the 7—z data are in favour of the 
possible existence of nucleon isobar with an 
excitation energy of about 1.7x. This value 
is not very far from 2x obtained by Marshak 
from other considerations. 


* The calculation of Watson and Hart (Phys. 
Rey. 79(1950), 918) for intermediate as well as 
strong coupling completely neglects the effect of 


isobar, with the result ibiting mo resonance. 
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1) J. Steinberger, W.K.H. Panofsky and J. Steller, 
Phys. Rev. 78 (1950), 802; A. S. Bishop, J. 
Steinberger and L. J. Cook, Phys. Rev. 80 (1950), 
291. 

2) G. Araki, Prog. Theor. Phys. 5 (1950), 507 
and other papers cited in this paper. 

3) K. Aidzu, Y. Fujimoto and H. Fukuda, Prog. 
Theor. Phys. to be published. 

4) W. Pauli and S. M. Dancoff, Phys. Rev. 62 
(1942), 85. 

5) R. E. Marshak, Phys. Rev. 78 (1950), 346. 


Note on the Energy-Momentum Tensor 
Y. Katayama 
Department of Physics, Kyoto University 
December 12, 1950 


Previously, we proposed one method” to 
remove the ambiguities which appear in the 
present quantum field theory, for instance the 
difficulties of gauge invariancy, divergence 
and equivalence theorem. To clarify the 
meaning of this method, we can take the 
following equation as simple example : 

lim Tp, Sr(2)=0, (n=1, 2, 3,------ pet 
z> 

‘This equation does not hold owing to the 
singular function unless one regularize this 
function by any method and this fact is the 
very origin of the difficulties of ambiguity. 
For these circumstances, we are obliged to 
utilize the following conditions to avoid the 
difficulties : 


Jz ( ane a2 +4) = wy (A) 
d 
and i {DU sAt=0 (C)* 


These features should be taken heed of in 
the course of calculations of the energy-mo- 
mentom tensors of elementary particles”. It is 
our purpose to re-examine the effectiveness of 
the above conditions on these problems. 

Using the self-energy, 
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Heae = \ (dq )yhoert (97, ™), (2) 

the self-stress can be written as 
el ae : 3 
T= { dg) Zhe (Gab — 


which is the equivalence formula to that 


obtained by Sawada.* 

For the case of the self-stress of the fermion 
interacting with the neutral vector field with 
mass yz, using the self-energy 


l+a 


haat = — tam J da GL) 2 Op (4) 
and 
L,=m*a*+ 4°(1—a), 
we obtain 
7,,=— 35m | da(t+a) | 9 Lie 
= 70 


which is zero in virtue of condition (B). 
More complicated feature appears in the case 
of the self-stress of the vector meson inter- 
acting with the fermion, as the self-energy is 


a(a—1)z° 


-£ J Mo ES, +L)? Gh) |u J 
and 
I.=m*+ p£a(a—1), 
then we have 


_2ig*(" (dq) (1 
T= 323) dal | Ct 247.) oo? *+Is) 
* “ar d 
+ (m?—32a(a—1)) Seto |Oe ante 


which is zero in virtue of both conditions 
(A) and (B). The same discussions hold 
in the various other types and we can get 
rid of these difficulties. But there is only 
one exception in the self-stress of the fermion 
interacting with the scalar field. In this case 
we can lower the divergence from quadratic 
to logarithmic, but never remove it throughly. 
This difficulty seems to be the other one 
which should be attacked by the slightly 
different subtraction theory. 

We wish to express our thanks to Mr. K. 
Sawada for his valuable discussions. 


— << 


eee 
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1) Y. Katayama, Prog. Theor. Phys. 5 (1950), 
272; See also H. Fukuda and T. Kinoshita, 
ibid. 5 (1950), 1024. 

* At first sight, the condition (C) seems not to be 
in agreement with F-K’s condition j (aq) 4g°A/ 
(g?+ A)3=0, but if we utilize the condition (B) 
simultaneously, we find the eqivalance of two 
conditions. 

2) A. Pais and S. Epstein, Rev. Mod. Phys. 21 
(1949), 445; K. Sawada, Prog. Theor. Phys. 5 
(1950), 117; J. Yukawa, N Oda and H. Umezawa, 
ibid. 5 (1950), 320; F. Rohrlich, Phys. Rev. 77 
(1950), 357; F. Villars, ibid. 79 (1950), 122. 

8) K. Sawada, Prog. Theor. Phys. 5 (1950), 236. 


On Yukawa’s Theory of 
Non-local Field 


O. Hara and H. Shimazu 


Institute of Theoretical Physics, 
Nagoya University 
December 21, 1950 


Recently Yukawa” discussed a possibility 
of generalizing the field concept by intro- 
ducing a non-local field, which is free from 
the restriction for a field to be determined 
as a point function in the ordinary space. 
He gave an example of the non-local field, 
under the guiding principle of Lorentz in- 
variance and reciprocity. The concept of 
non-local field being unfamiliar to us, how- 
ever, we tried to investigate the relation of 
non-local to local field, to find these two 
can be transformed with each other by a 
canonical transforn.ation. 

The Yukawas non-local scalar field is 
characterized by the equations of motion 


7 
Gut = re) U(Xy, Ty) =0, (1) 
gU(Xy ry) 9 
F) ’ 


pe 


Tw 


and the commutation relation 


[U* (Xu, n)s UCXy', ry )] 
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O(ry— ry etn @n-” wv (dky) 
(all the notations are in accordance with 
Yukawa). 

For our purpose it is convenient to 
transform (1) into a representation, in which 
the following three mutually commutative 
operators 


2 ny 
amex OR, 
take diagonal forms. Then (1) becomes 
(K+%) w(K, L, M,---)=0, 
(L—2) w(K, L, M,---)=9, (2) 
M w(K, L, M,---) =9, 
[w*(K, L, M, -:-),wCRK’, LD’, M’,---)] 
=const. 6(K— K’)6(L—L’)6(M— M") 

x 6(K+%*)6(L—2?) 64). 
Performing a canonical transformation with 
a unitary operator 

[ae d20/9L 
as a transformation] function, (2) is trans- 
formed into 


(K+ x )wK, L, fe hoes 
L@CK, L, M,::-)=9, 
Mw(K, L, M,:--)=9, 
[w* CK, I, M,::), wk’, Lis M’,---)] 
=const. é(K—K’)3(L—L’)6(M—-M") 
x dK +22)3(L)0(M) 
where 
w= wT. 
Since 4 vanishes in (3), w can be interpreted 
as a local field. This fact shows that the 
non-local and the local fields are connected 
by a canonical transformation. Similar trans 
formation is also possible in the case of 
spinor field. When there is interaction, 
Yukawa’s S-matrix can be obtained from 
that of local field by the same canonical 
transformation. 
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Therefore nothing new is expected in 
Yukawa’s theory in the present form. For 
example, the self energy of a spinor particle 
due to neutral non-local scalar field gives 
exactly the same result as that of local. To 
remove the divergence difficulties in the field 
theory, an essential revision would be 
necessary either in MS-matrix or in the 


mechanism of interaction” . 
Details will soon appear in the later issue 
of this journal. 


1) H. Yukawa, Phys, Rev. 77 (1950), 219. 

2) Yennie proposed an example to modify 
Yukawa’s theory so as to give convergent results 
for self-energy problems. (Phys. Rev. in press), 
but his procedure seems too artificial. 


INDEX TO VOLUME V 


Aidzu-K., Fujimoto-Y., Fukuda-H., Haya- 
kawa-S., Takayanagi-K., Takeda-G., and 
Yamaguchi-Y. On the Negative -Meson 
Gaplures s46 sec. os see c ee see c ees seeeees 931 

Araki-G. and Mori-Y. Ground State of Deu- 
teron according to Preudoscalar Meson Theory. 


pees i Orr er 0th) 

Araki-G. Production of Scalar and Pseudoscalar 
Mesons by Photons. ...----+-+++-+serrrcee 507 

Ashkin-J. Simon-A. and Marshak-R. On the 
Scattering of z-Mesons by Nucleons. ..------ 634 


Baba-K., Ité-D., Miyazima-T. and Sasaki-M. 
On the Concept of the Nuclear Potential (and 
its Errata) ....--++-e-seeeeeeeee 159(L), 339(L) 

Bleuler-K. and Heitler-W. The Reversal of 
Time and the Quantization of the Longitudinal 


Field in Electrodynamics. ..----++++++-+++++" 600 
Bloch-C. On Some Developments in Non-local 
icldesiheony. = sake eos hone os eee as 606 
Enatsu-H. On the Nuclear Forces. .--.----+- 102 
Enatsu-H. On the Interaction of Mesons and 
Vncleons." sees e ee ee eee eee 883 
Endo-S. and Tani-S. Non-singular Tensor 
Force in Pseudoscalar Meson Theory. ..--310(L) 
Fermi-E. High Energy Nuclear Events....---- 570 
Fujimoto-Y. and Yamaguchi-Y. Note on Very 
Large Cosmic-Ray Gfars ste tee das >= sierme=''* 76 


Fujimoto-Y. and Yamaguchi-Y. The Range 
and the Mean Free Path of High Energy Nu- 
cleons in-Nuclear Matter. ----+-+-*--°"""" 141(L) 

Fujimoto-Y. and Hayakawa-S. On the Origin 
of Electronic Rays with Moderate High Energy. 
Le meetlenh vitae Rie 144(L) 

Fujimoto-Y., Hayakawa-S. and Yamaguchi- 
Y. The Electronic Component in Extensive 
Air Showers. 

Fujimoto-Y. and Hayakawa-S. 


A Picture for 


Ghemic-hay Stats. - wom aera wl: Bes « LENA 315(L) 
Fuiimoto-Y. Diffusion of the Nucleon Com- 
pointed Oi 1 OP sae enemse ok e 316(L) 
Fujimoto-Y., Hayakawa-S, and Yamaguchi- 
We Nucleon-Nucleon Interaction at High 
Energies. ..-+++2esse00tt* Wrage Cone One. 318(L) 


Fujimoto-Y., Takayanagi-K. and Yamaguchi- 
Y¥. The Fast Protons in x-Meson Stars.. .498(L) 


Fujimoto-Y., Fukuda-H., Hayakawa-S. and 


Yamaguchi-Y. On the Production of Cosmic- 


Raye Mesousde cer ee iorieaae ss acc 669 
Fujimoto-Y. and Yamaguchi-Y. High Energy 
Nuclear Evaporation. ....---++-eereererts 787 
Fujimoto-Y. Nishijima-K. Okabayashi-T. 
Takayanagi-K. and Yamaguchi-Y. Effect j 
of Nuclear Binding on Meson Production... . .870 
Fujimoto-Y. and Miyazawa-H, Photo-Meson 
Production and Nucleon Isobar. ....--+- 1052(L.) 
Fujimoto-Y. (see Aidzu-K) ..-.-+++++20007+ 931 
Fujita-H. (see Katsura-S) .....-++++-++0000> 997 
Fukuda-H. and Miyamoto-Y. The Decay of 
a tt Meson into rt and 2° Mesons. ...- 147(L) 


Fukuda-H. and Miyamoto-Y. The Decay of 
a tt Meson into a z+ Meson and a Photon 


eC SOIC ADIOS 148(L) 
Fukuda-H. Hayakawa-S. and Miyamato-Y. 
On the Nature of r Mesons, I, II. .... 283, 352 


Fukuda-H., and Takeda-G. Production of zx- 
Mesons in Nucleon-Nucleon Collisions near the 
Threshold Energy. ....-------s2++222°08°"" 800 

Fukuda-H. and Takeda-G, The Multiple Pro- 
duction of Mesons by High Energy Nucleon 


Gollisionse eee oe eee ee eres a tomerean ee 957 
Fukuda-H. and Hayakawa-S. On the Decay 
of a Heavy Dirac Meson. ....-- CO DIGG 993 
Fukuda-H. and Kinoshita-T. Ambiguities in 
Quantized Field Theories. .......-- Be feeterare 1024 
Fukuda-H. (see Fujimoto-Y) ...---+++++++- 669 
Fukuda-H. (see Nakamura-S) ....--++++++++ 740 
Fukuda-H, (sce Aidzu-K) .2........see0000s 931 
Fukuda-N,. and Miyazima-T. The Covariant 
Theory of Radiation Damping. ....-.++++++ 849 
Fukuda-N. (see Miyazima-T) ......+-++++- 152(L) 
Goto-K. Spinors in Five Dimensions. ......-- 42 


Hanawa-S. and Miyazima-T. Radiative Cor- 


rections to Decay Processes, ] ig aa cue 459 
Hanawa-S. (see Nakano-T) ....---- 338(L), 1014 
Hatta-T. (see Katstira-9) smectite: ofele sau suereress 330 
Heisenberg-W. The Yukawa Theory of Nuclear 

Forces in the Light of Present Quantum Theory 

of. Ware Bieldss (<ccmn so +> 4 sietamuistsau= tuck 523 
Heitler-W. (see Bleuler-K) 6. sie seen 600 
Hayakawa-S. Note on WVarltronSss2 sees a 145(L) 
Hayakawa-S. Excess Electrons in Lower Atos 


198.1.) 
Hayakawa-S. Note on the Interaction of Meson 


phere and y-decay of Neutral Mesons. ... 


Vili 


RVAPIN NUCLEON a) sysicies aiele/ were # > «1-15 PO ee Oe 319(L) 
Hayakawa-S. and Nishimura-J. Interpretation 
of the Second Maximum of Rossi Curve. 


|, EE re 326(L), 948 
Hayakawa-S., Mano-K. and Miyazima-T. 


Cosmic-Ray Underground. ......-+++++es 495(L) 
Hayakawa-S., Mano-K. and Miyazima-T. 

Cosmic-Ray Underground, IIL. ........++---- 844 
Hayakawa-S. (see Aidzu-K)..........+-+++- 931 
Hayakawa-S. (see Fujimoto-Y) 

eae 144(L), 196, 315(T), 318(L), 669 
Hayakawa-S, (see Fukuda-Il) ....283, 352, 993 


Hayashi-C, Proton-Neutron Concentration Ratio 
in the Expanding Universe at the Stages pre- 


ceding the Formation of the Element. ...... 22 
Hiroishi-S. and Tanaka-H. Note on the Iligh 
Energy Neutaon-Proton Scattering.......-. 154(L) 


Hori-S. and Sawada-K. On the Anomalous 
Magnetic Moment of Nucleon in Vector and 
RsendovectorsMeson Wheorye ..-cei- « 4-4 s- 333(L) 

(Husimi-K. and) Syozi-I. The Statistics of Ilo- 
neycomb and Tiiargular Lattice, I, II. ..177, 341 

Husimi-K, and Utiyama-R. Canonical Theory 


Of Quantum Electrodynamics... <\4j.'4- «6,<0-4.050 718 
Husimi-K. and Nishiyama-T. An Algebraic 
iGheonys afsthes Density: Matrix, Is5 2. ...-4.6 909 
Imaecda-K. Jinearization of Minkowski Space 
and Five-dimensional Space. ...........- 133(L) 
Inoue-K,, “(see Muto-T)scrolitscwmels - waned x0 1033 
Inui-T. and Uemura-Y. Theory of Color 
Centers in Tonic \Crystals,als Ilo e.n teants 252, 395 
Ishidzu-T. Effect of Nuclear motion on the Fine 
Structure of, the Uiydrowenve) Seay. .eecwes 307(L) 


Ishidzu-T. Effect of Nuclear Motion on the Fine 
and [lyperfine Structure of Hydrogen. ..904(L) 


Ito-D. (see Baba-K)......... <vivels L59(L),. S3QT) 
Iwata-G. Gauge-spin Transformation and Wave 
EIIUIADLOEAS catess Wack feresmintapoicton wal aveisievwne ete ie wee wate 983 


Kamata-K. (see Nishimura-J)............ 899(L.) 
Kameda-T, and Miura-I. On the Second Ma- 
ximum of the Rossi Transition Curve, I, II. 


ey ise CTL ent O} aes 323(1.) 
Kamefuchi-S. (see Ogawa-S) ............ 311(L) 
Kanizawa-H, Note on the Classical Equation 
Of Motionhof Nucleons: "......s0.eece: 1050(L) 
Kanesawa-S,  (Quantun Theory of Generalized 
UEteCo BELG: a comecnatant «at eerie termes 157(1,) 
Kanesawa-S. On Mixed Field Theory and Va- 
CUATMMLOLATIZD LOM! i giaee « cece ete be ef 492(1.) 


Katayama-Y., Sawada-K. and Takagi-S. Five 
Dimensional Approach to Regularized Quantum 
Electrodynamics. 


Katayama-Y. Problems on Ambiguity in Quan- 
tom ield Theory. 2s oii sts cana ease 272 

Katayama-Y. and Takagi-S. Note on Five 
Dimensional Space and the Self-Energy of 
Electronaj.is5.J2 >> ae sew ae <a 336(L) 

Katayama-Y. On the Positron Theory of Va- 


Tensot..: witien vod arta vids ee oat eee 1054(L) 
Kat6-T. On the Convergence of the Perturba- 
fion, Méthod, JI-2,.25 4... a9«sseusaux nee 95, 207 


Katsura-S., Hatta-T. and Morita-A. On the 
Conception of the Energy Band in the Perturbed 


Periodic Potential’ .. 2. n«indd-w~ ta dee 330(.L) 
Katsura-S. A Model for the Condensation 

Phenemeia; a. - 25 -awetiaweil= « Sane <e 500(L) 
Katsura-S. and Fujita-H. Some Remarks on 

the Condensation Phenomena. .............. 997 


Kawabe-R. (see Umezawa-Il) ..153(L), 266, 769 
Kinoshita-T. and Nambu-Y. On the Elec- 


tromagnetic Properties of Mesons. ........ 307(L) 
Kinoshita-T. A Note on the C-Meson Hypo- 
tHESIS, pe wavnenscdcenos ans a =e 335(L) 


Kinoshita-T. (and Nambu-Y), On the Interac- 
tion of Mesons with the Electomagnetic Field, 
oe ee eee oe ee 473, 749 

Kinoshita-T. Note on the Infrared Catastrophe. 

Kinoshita-T. (see Fukuda-H).............. 1024 

Koba-Z., Kotani-T. and Nakai-S. Meson 
Production by X-ray (and its Errata) 


ee as ee 137(L), 494(L) 
Koba-Z. On the Integrability Condition of 
Tomonaga-Schwinger Equation. .......... 139(L) 


Koba-Z, Note on a Lorentz-Invaiant integration 


in the Quantum Field Theory............... 696 
Kotani-T. (see Koba-Z) ..... .....187(L), 494(L) 
Machida-S. (see Taketani-M) ............ 150(L) 
Mano-K. (see Hayakawa-S) ........ 495(L), 844 
Marshak-R. (see Ashkin-J) ..............0. 634 
Miida-J. (see Watanabe-M) .............. 162(L) 
Miura-I, (see Kameda-T)...........000008 323(L) 
Miura-S. (see Ogawa-S) ....es.. ccc ecces 897(L) 
Miyamoto-Y. (see Fukuda-If) 

ecsedeabetensstaks 147(L), 148(L), 283, 352 
Miyazawa-H. (see Fujimoto-Y) ........ 1052(L) 


Miyazima-T., Sasaki-M., Suzuki-R. and Fu- 
kuda-N. ‘The Covariant Formalism of the 


Theéry "of “Dainping Tay Wns oe oe 152(1,) 
Miyazima-T. Remarks on the Field Theory.. .735 
Miyazima-T. (see Baba-K) ...... 159(L), 339(L) 


Miyazima-T. (see Fukuda-N) ............+. 849 
Miyazima-T. (see Ilanawa-S) ............+. 459 
Miyazima-T. (see Hayakawa-S)...... 495(L), 844 
Miyazima-T. (see Nakano-T) ...... 338(L), 1014 
Mori-¥. (See pAraki-G)i oo fence «sine we eseesie 508(L) 
Morita-A. The Conduction Electron with Low 
Enenmysingionic Crystalsijn.6- dean. sitesi 329(L) 
Morita-A. (see Katsura-S) .............- 330(L) 


Muto-T. aud Oyama-S. Theory of the Tem- 
perature Effect of Electronic Energy Bands in 
MO ray Steal Sopeeiey tc Caray sioliy  oisfersioraverese Vos siete (ausnareeteteltels 833 

Muto-T. and Inoue-K. Note on Dirac’s New 
Quantized Method in the Field Theory..... 1033 


Nagahara-Y. (see Ogawa-S) ........ 313(L), 428 
Nagakura-T. Some Remarks on the Relativistic 
Quantum Field Theory. ..........-----0000+ 502 
NakslS. . (ce Kobe-2)0 08. &..v00s 137(L), 494(L) 
Nakajima-S. and Shimizu-M. On the Mechano- 
Caloric Effect in Liguid Helium IL ........ 1010 
Nakamura-S., Fukuda-H., Ono-K., Sasaki-M. 
and Taketani-M. Analysis on the Two Meson 


PRE ORYis = epeieseo.a,nic ni itoliotelels «ietstol~ «= sloteloletereteis 740 
Nakamura-S. (see Taketani-M) ............ 730 
Nakamura-T. Note on the Theory of the Fre- 

quency Spectrum of Crystalline Solid......... 213 
Nakano-T., Watanabe-Y., Hanawa-S. and 

Miyazima-T. Radiative Correction to Decay 

PAraCesS@s fb cfet«s nis ctereisinie “remus pejeinietate ie 338(L), 1014 
Nambu-Y. A Note on the Eigenvalue Problem 

in Crystal Statistics. .....---++esereseeterces ‘l 
Nambu-Y. ‘The Use of the Proper Time in 

Quantum Electrodynamics. ....-.++++++++0+5- 82 
Nambu-Y. Derivation of the Interaction Poten- 

tial from Field Theory. ....-----++++++> 321(L) 
Nambu-Y. Force Potential in Quantum Field 

ST RCOLVs Bote is Mel le ceieyswiksyelr wimieiaie’> hehe seh 614 
Nambu-Y. (sce Kinoshita-T)......+. 307(L), 749 


Narumi-H, and Takano-Y. On the Interaction 
between Nuclear Vibration and Electronic States 
OF Ss IO rs eae 0 160(L) 

Nishijima-K. On the Spur Calculation in Qu- 
antum Mechanics. .....--.++-+2ssee070%" 155(L) 

Nishijima-K. On the Integrability Conditions 
in the “Super Many Time Theory SP topo ial 187 

Nishijima-K. Note on the Elimination of the 
Normal-dependent Part from the Hamiltonian. 

331(L), 405 


Nishijima-K. On the Generalized Transforma 

tion Function and the Integrability Condition. 
NN ery rca aa) COCO. 813 
Nishijima-K. (see Fujimoto-Y)  ....-eeseeee 870 


1x 


Nishimura-J. A Remark on the ‘Transition 
Curve of Cosmic-Ray Showers. ...0...++++ 828(L) 

Nishimura-J. and Kamata-K. The Lateral and 
Angular Distribution of Cascade Showers.. .899(L) 


Nishimura-J. (see Hayakawa-S) ....326(L), 948 
Nishiyama-T. Density Matrix and New Con- 
figuration Space. .......eseeeeeeeeeereees 135(L) 
Nishiyama-T. (see Husimi-K) ......++++-++- 909 
Nogami-M. On the Lattice Polarization induced 
by Electronic Motion. ........+++se+seeeeees 56 


Nogami-M. On an Approximate Solution of the 
Many Body Problem of Fermi-Dirac Particles. 


RRR tt CRM CC SE bc gro uo the eons OSH E< 65 
Oda-N. (see Yukawa-J).......--eeeeeeees 320(L) 
Ogawa-S. The Observability of the C-Meson. 

Fe es a doin ano Ondo ODOIe ote Gc 72 


Ogawa-S. A Note on the Mixed Shower.. .138(L) 
Ogawa-S. and Nagahara-Y. On the East- 
West Effect ot the Cosmic Radiation in the 


Upper Atmosphere. .......---++e+esetereeee 49 
Ogawa-S. On the Positive Excess of the Hard 
Component in Cosmic Ray. ....+-+++++++: 489(L) 


Ogawa-S. The Determination of the Multiplicity 
and the Spectrum of the Meson produced by 
the Nucleon-Nucleon Collision. ......---- 490(L) 

Ogawa-S. and Yamada-E, On the Production 
of 7-Rays accompanied by the Absorption of 


z-Meson by a Proton, I.......-.-+-- 503(L), 977 
Ogawa-S, and Miura-S, On the Effect of 7- 
Ray to the Cosmic-Ray Underground. ....897(1.) 
Okabayashi-T. (see Fujimoto-Y) ....-.-.-+++ 870 
Oneda-S., Sasak?-S. and Ozaki-S. On the 
Decay of Heavv Mesons, II, III. ......-- 25, 165 
Oneda-S. (see Ozaki-S) ......-- . .B05(L), 491(L) 
Ono-S. Integral Equations between Distribution 
Functions of Molecules. ....-.---+++++e+ee%> 822 
Ono-Y. On the Anomalous Magnetic Moment of 
INTOS OTs We «-s, viai6 slevsd seve) e le ee (arse oie enateparenesiie eters 861 
Ono-Y. and Sugawara-M. On the D-Function 
of Non-local Fields. .....-.+eeeeerees , .902(L) 
Ono-Y. (see Sugawara-M) a hyacaindeie oes Hes 901(L) 
Oyama-S. (see Muto-T) ....-.eeeseeeereeeee 83. 


Ozaki-S., (Oneda-S. and Sasaki-S.) On the 
Decay of a Heavy Meson into Lighter Mesons. 
sates ois ate TG (aha ourtolenoters einysios® 2in/8 weyelens 808(L), 3873 

Ozaki-S., Oneda-S. and Sasaki-S. On the 
New Mode of Interaction between Spinor Fields. 

491(1.) 


SNORT MONT NCSU SBS OTS ts 


Pauli-W. On the Connection between Spin anc 


>. 4 


Statistic’ oceics .ariese tie biased » 2 cimtemteiin states 526 


Rosenfeld-L. Meson Fields and Nuclear Forces. 

Be Re Dats ol eels sive: + Sai ew srate Herateteteee 519 

Sakata-S. and Umezawa-H. On the Applica- 
bility of the Method of the Mixed Fields in 


the Theory of the Elementary Particles. ....682 
Sanada-J. (see Yamabe-S) ..........---- 1049(L) 
Sasaki-M. (see Baba-K) ........ 159(L), 339(L) 
Sasaki-M. (see Miyazima-T) ..........-- 152(L) 
Sasaki-M. (see Nakamura-S)..............-.- 7 
Sasaki-M. (see Taketani-M) ......:.....---- 73 
Sasaki-S. (see Oneda-S) ..............-. 25, 165 
Sasaki-S. (ce Ozaki-S) .......... 305(L), 491(L) 
Sato-M. (see Watanabe-M) ............-. 162(L) 
Sawada-K. Note on the Self-Energy and Self- 

Stress LOUD Aa oer te re SUE SOs ARE 117, 236 
Sawada-K. Structure of Electron in A-Process. 

Wes deeti kG shake). 00, 22. eee A 497(L) 
Sagwada-K, (See Eori-S), ...0s0egeseces <2 333(L) 
Sawada-K. (see Katayama-Y) ............-- 14 
Shimizu-M. (see Nakajima-S)............-.- 1010 
Simon-A. (see Ashkin-J) ...............0%- 634 


Sugawara-M. and Ono-Y. On the Equivalence 
of Pseudosclar and Pseudovector Coupling Con- 


stant in Pseudoscalar Meson Theory. ....901(L) 
Sugawara-M. Remarks on Bethe’s Neutral 

bheoryeok NuGleareNorce. eeee ba ode. tee es 920 
Sugawara-M. (see Ono-Y) ............5. 902(L) 
Syozicl, (Seeviusimi-Ki).veeosdieacdees « 177, 341 
Takagi-S. (see Katayama-Y) ........ 14, 336(L) 


Takano-Y. (see Narumi-H) .............. 160(L) 
Takayanagi-K and Yamaguchi-Y. Notes on 
Fluctuation in Nuclear Evaporation Process. 


Takayanagi-K. (see Aidzu-K) 
Takayanagi-K. (see Fujimoto-Y) ....498(L), 870 
Takeda-G, (see Aidm-K)".. i 6.00... ..c 0008 931 
Takeda-G. (see Fukuda-H) ............ 800, 957 
Taketani-M., Machida-S. and Tamura-T. On 
the Electromagnetic Properties of Nucleons. 
ET ie COON, CAPER, «AWE MORES owen 150(L) 
Taketani-M., Nakamura-S. and Sasaki-M. 


On the Method of the Theory of Elementary 
Particles, 


CRTOU OU oy este ERs See 730 
Taketani-M. (see Nakamura-S) ............ 740 
Tamura-T, (see Taketani-M) ............ 150(L) 
Tanaka-H. (see Hiroishi-S)............., 184(L) 
TUE ISD EIS) vs< an inenaecleanadacces 310(L) 


Tanikawa-Y. A New Interpretation of Negative 


Energy Bose Field. .....-----+++--e+0ee05%- 692 
Tomonaga-S. Remarks on Bloch’s Method of 
Sound Waves applied to Many-Fermion Pro- 


Blewssid Foe ow ore cas Se Se 544 
Uemura-Y. (see Inui-T) ......-.-+----- 252, 395 
Umezawa-H. and Kawabe-R. A Remark on 

the Problem of Gauge Invariancy. ...--- 153(L) 


Umezawa-H. and Kawabe-R. On the Relati- 
vistically Improved Integration in Perturbation 
Theaty. Ba. Sew densi pan~ gee ae ee 266 

Umezawa-H. and Kawabe-R. On the Problem 
of Gavge-Invariancy in the Theory of Elemen- 


tary Particles, L ....+...-.-0000+ssesesasas 769 
Umezawa-H. (see Sakata-S) ........-------- 582 
Umezawa-H. (see Yukawa-J) ..-..-..-..- 320(L) 
Utiyama-R. On the Covariant Formalism of the 

Quantum Theory of Fields, I. .............. 497 
Utiyama-R. (see Husimi-K) ........... es 


Watanabe-M., Miida-J. and Sato-M. On the 


Neutron-Proton Scattering. .............- 162(L) 
Watanabe-Y. (see Nakano-T)............ 338(L) 
Wentzel-G. Nuclear Saturation Phenomena de- 

ducible from: Pair ‘Theories. <<. .«<..SSCuuee 584 


Yamabe-S. and Sanada-J. Neutron Cross Sec- 


tion and Nuclear Shell Structure. ...... 1049(L) 
Yamada-E. Anomalous Magnetic Moment of the 
WNacleon.. Spates oc. oo eh PUR oo eh oe 31Q(L) 
Yamada-E. (see Ogawa) .............. 505(L) 
Yamaguchi-Y. Notes on High Energy Nuclear 
Byaporationvewsmn.s eee as eset eee een 14 L) 
Yamaguchi-Y. Note on High Energh Induced 
Bisston of) Bik a< is ces <aGaneees Meee tees 143(L) 


Yamaguchi-Y. The Effect of Exclusion Princi- 
ple on the Nucleon-Nucleon Scattering in Nu- 
Clear’ Mattew.” \i.ccta besa cuc ewe nek «tue 332(L) 

Yamaguchi-Y. Order of Magnitude Theory of 
the Depression of Coulomb Barrier Height in 


Highly Bxerted Nucleic. s0sccects cess 501(L) 
Yamaguchi-Y. On the Stars of Light Nuclei. 
ace Caw SRARSCRC Se RISE LEK tty ORR ORS 896(L) 


Yamaguchi-Y. On the Nuclear Stars. ....904(L) 
Yamaguchi-Y. (see Fujimoto-Y) .............. 
.. 76, 141(L), 196, 318(L), 498(L), 669, 787, 870 


Yamaguchi-Y. (see Takavanagi-K) ...... 894(L) 
Yoshida-K. Note on the Magnetic Resonance 
Absorption in Paramagnetic Salts. ...... 1047(L) 


Yukawa-J., Oda-N. and Umezawa-H. Rela- 
tivistic Covariance in the Quantum Electrody 


MBM. sv dieicicastais duns UNG wets « eee 320(L) 


